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Abstract
The existence of locally regular secondary structure motifs, such as helices, sheets, or turns, plays
a central role for the biological function of proteins. However, open questions remain the thermo-
dynamic stability of the secondary structure motifs. In particular, the intrinsic stability , i.e., the
stability in the absence of any environmental eects, has  on the basis of experimental studies 
not been acquired yet, even for the most abundant secondary structure motif, the helix. A detailed
understanding of the intrinsic stability is in turn fundamental for a systematic theory of protein
folding. Accurate theoretical studies of model systems are therefore highly desirable.
Density functional theory (DFT) is a powerful electronic structure method which meets the high
requirements on accuracy demanded by these systems. However, existing DFT studies on helices
focus on the static stability at the absolute temperature zero point and do not account for the strong
thermal vibrations which occur at the biologically relevant temperature range. In this project we
have therefore faced the challenge to employ DFT to determine the temperature dependence of the
intrinsic helix stability.
The study includes all three experimentally observed helix types, i.e, the ®-, the ¼- and the 310-
helix. Further it includes several unfolded conformations, which serve as reference for the stability
analysis. A key quantity to address the helix stability is the free energy. In the present study the
free energy has been determined from the harmonic phonon spectrum, which in turn is determined
from the dynamical matrix. In order to achieve the extreme high numerical accuracy required for
this project, we had to extend the established standard methodology for calculating the dynamical
matrix by a novel method, consisting of a three-stages renement scheme. To further rene the
results, we then extended the study by explicitly calculating anharmonic eects. We therefore have
implemented the thermodynamic integration approach and combined it with an ecient stochastic
Langevin dynamics scheme, which shows a dramatic increase in the computational eciency as
compared to common deterministic molecular dynamics schemes.
Employing this novel approach on the poly-L-alanine chain we are able to demonstrate that vibra-
tional entropy plays a key role for the stability of the helix in the biologically relevant temperature
range, since it strongly reduces the phase stability of the helices compared to the unfolded states.
Nonetheless, we nd that the enthalpic contributions arising from the cooperative hydrogen bond
network of the ®-helix are still suciently strong to make it the most stable bulk phase at room tem-
perature, and also stable against unfolding. These results provide a very fundamental conclusion:
The ®-helix is intrinsically stable at room temperature, without the need of environmental eects,
such as solvent or pressure. Furthermore, our results reveal trends on the temperature dependence
of the relative stability between the three helix types. Most important, the ¼-helix exhibits a signif-
icant entropic penalty with respect to the two other helix types. By carefully mapping our DFT
data on an analytical model, we show that this trend is almost exclusively driven by the geometric
peculiarities of the ¼-helix as compared to the ®-helix and 310-helix. Since these peculiarities are
roughly independent of the specic amino acid sequence and of the environment, they rationalize
why the ¼-helix is in general the least common of the three helix types in proteins.
Based on these insights we have studied the impact of the side chain of the amino acids, which
constitute the basic building blocks of the proteins, on the helix stability by performing a detailed
comparative analysis between chains composed of two dierent amino acids, glycine and L-alanine.
According to the experimental results, glycine is a very weak helix former, whereas L-alanine is
a very strong helix former. The origin of this dierence has not been claried yet. By means of
our approach we can show that vibrational free energy contributions siginicatly lower the glycine
helical propensities compared to L-alanine, which also veries that helical propensities of the amino
acids already exist in the absence of any environmental eects.
Zusammenfassung
Die Existenz von lokal geordneten Sekundärstrukturelementen, z.B. Helices oder auch Faltblattstruk-
turen, ist von zentraler Bedeutung für die biologische Funktion von Proteinen. Dennoch bleiben
oene Fragen bezüglich der Stabilität dieser Sekundärstrukturelemente. Insbesondere die intrin-
sische Stabilität, also die Stabilität in Abwesenheit jeglicher äuÿerer Einüsse, konnte  basierend
auf experimentellen Studien  bisher nicht erfasst werden, nicht einmal für das am häugsten
vorkommende Sekundärstrukturelement, die Helix. Eine detaillierte Kenntnis der intrinsischen Sta-
bilität ist jedoch eine Grundvorraussetzung für ein systematisches, theoretisches Verständnis der
Proteinfaltung. Deswegen sind genaue theoretische Studien von idealisierten Helices unersetzlich.
Die Dichtefunktionaltheorie (DFT) ist eine universell einsetzbare, theoretische Methode zur Be-
schreibung der elektronischen Struktur von poly-atomaren Systemen, welche die hohen Anforderun-
gen, die die Simulation der Helix an die Genauigkeit stellt, grundsätzlich erfüllt. Jedoch konzen-
trieren sich bisherige DFT-Studien von Helices im Wesentlichen auf die statische Stabilität am ab-
soluten Temperaturnullpunkt und lassen die ausgeprägten thermischen Schwingungen des Systems
im biologisch relevanten Temperaturbereich auÿer Acht. Deshalb haben wir uns im Rahmen dieser
Studie der Herausforderung gestellt, die Temperaturabhängigkeit der intrinschen Helix-Stabilität
mit Hilfe der DFT zu bestimmen.
Die Studie umfasst alle drei experimentell beobachteten Helix-Typen, d.h., die ®-, die ¼- und die
310-Helix und auÿerdem verschiedene ungefaltete Konformationen, die als Referenz für die Stabil-
itätsanalyse dienen. Eine zenrale Gröÿe für die Bestimmung der Helix-Stabilität ist die freie En-
ergie. Letztere wird in der vorliegenden Studie aus dem harmonischen Phononenspektrum bestimmt,
welches seinerseits aus der dynamischen Matrix bestimmt wird. Um die extrem hohe numerische
Genauigkeit zu erreichen, die für dieses Projekt nötig war, haben wir die etablierte Standard-
methodologie zur Berechnung der dynamischen Matrix um eine neuartige Methode erweitert, die
ein dreistuges Verfeinerungsverfahren beinhaltet. Um die Ergebnisse weiter zu verfeinern, haben
wir die Studie auÿerdem um die Berechnung anharmonischer Eekte erweitert. Hierfür haben
wir die Methode der thermodynamischen Integration implementiert und sie mit einem ezienten
stochastischen Langevindynamikverfahren kombiniert, was eine drastische Erhöhung der Rechenef-
zienz im Vergleich zu herkömmlichen, deterministischen Verfahren der Moleküldynamik zur Folge
hatte.
Mit Hilfe dieses neuartigen Ansatzes konnten wir für das Beispiel einer poly-L-Alanin Kette
zeigen, dass die Entropie der Schwingungszustände die Stabilität der drei untersuchten Helix-Phasen
im Vergleich zum ungefalteten Zustand deutlich reduziert uns somit eine zentrale Rolle für die
Stabilität der Helix im biologischen relevanten Temperaturbereich spielt. Nichtsdestotrotz haben
wir auch ermittelt, dass die stabilisierenden Beiträge, welche durch das kooperative Netzwerk der
Wasserstobrücken in der Helix bestimmt werden, immer noch ausreichend groÿ sind, um die ®-
Helix bei zur stabilsten thermodynamischen Phase bei Zimmertemperatur zu machen, und sie vor
dem Übergang in den Entfalteten Zustand zu bewahren. Diese Ergebnisse lassen eine grundlegende
Schlussfolgerung zu: Die ®-Helix ist bei Zimmertemperatur intrinsisch stabil, ohne die Hilfe von
äuÿeren Einüssen, also z.B. Lösungsmittel oder Druck. Darüberhinaus liefern unsere Ergebnisse
wichtige Trends für die relativen Stabilitätsunterschiede zwischen den drei Helix-Typen. Von gröÿter
Bedeutung ist ein entropisches Handicap, das die ¼-Helix im Vergleich zu den anderen beiden
Helix-Typen tragen muss. Indem wir unsere DFT Daten auf ein analystisches Modell abbilden,
können wir zeigen, dass dieses Handicap fast ausschlieÿlich durch die geometrischen Eigenheiten
der ¼-Helix im Vergleich zur ®-Helix und zur 310-Helix verursacht wird. Da diese Eigenheiten im
Wesentlichen unabhängig von der spezischen Aminosäurenanordnung und der Umgebung sind,
erklären sie grundlegend, warum die ¼-Helix generell der am seltensten vorkommende Helix-Typ in
Proteinen ist.
Basierend auf diesen Einsichten haben wir den Einuss der Seitengruppe der Aminosäuren, also
der Grundbausteine der Proteine, auf die Helix-Stabilität untersucht, indem wir eine vergleichende
Analyse zwischen zwei Peptid-Ketten angestellt haben, wovon die eine aus Peptiden der Aminosäure
L-Alanin und die andere aus Peptiden der Aminosäure Glycin zusammengesetzt war. Entsprechend
der Resultate von experimentellen Studien lassen sich mit Glycin nur sehr schwer Helices erzeugen,
wohingegen L-Alanin sehr stark dazu neigt, Helices auszubilden. Die Ursache für diese Unterschiede
ist noch unbekannt. Mit Hilfe unseres Ansatzes können wir zeigen, dass die Schwingungsbeiträge
zur freien Energie die Helixpropensität von Glycin im Vergleich zu L-Alanin deutlich verringern,
was auch beweist, dass die Aminosäuren schon in der Abwesenheit jeglicher äuÿerer Einüsse un-
terschiedliche Helixpropensitäten aufweisen.
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1 Introdution
1.1 Proteins
Proteins are essential parts of living organ-
Figure 1.1: Shemati representation of a protein
and its seondary struture.
isms that partiipate in almost all proesses
taking plae in the ells. They are built of 20
dierent amino aids, whih are linked together
by the so-alled peptide bonds to form a linear
peptide hain, known as the primary struture.
The latter is assembled using the informa-
tion enoded in genes and ompletely deter-
mines the biologial funtion of a protein. How-
ever, to be able to arry out their funtion,
proteins must adopt spei three-dimensional,
folded onformations, the so alled tertiary stru-
ture
1
. The tertiary struture is also alled folded
state and the way how the primary struture
transforms to the folded state is denoted as pro-
tein folding proess. This proess and the har-
ateristis of the folded state have raised various important questions in the past deades.
The entral question has been, whether protein folding is a thermodynami or a kineti proess.
It was Levinthal [1℄ who made the kineti hypothesis. He reognized that it would be impossible
for a protein to nd its native state by randomly searhing through the entire spae of possible
onformations and onluded that the folding must follow a spei pathway. This implies that the
protein struture possibly gets trapped in a loal minimum of the free energy surfae orresponding
to a meta-stable thermodynami state. In ontrast, Annsen [2℄ made, based on numerous experi-
mental results, the thermodynami hypothesis and stated that the folded state orresponds to a
global free energy minimum. The ontradition between the two hypotheses was partially resolved
by the introdution of the folding funnel onept [3℄. This onept direts the folding of the
protein without the need for a denite pathway, thus supports the thermodynami hypothesis, but
also leaves open the possibility for kinetially inaessible lower-energy states outside of the folding
funnel and thus supports the kineti hypothesis. Reently, also the role of evolution was onsidered,
whih possibly failitates that the free energy minimum in many (but not all) ases orresponds to
the bottom of the folding funnel [4℄. Nevertheless, it is also known that some proteins (in partiu-
lar large proteins) require the assistane of other proteins (so alled haperones) to maintain their
1
If the protein is assembled with more than one peptide-hain, the folded onformation is alled quaternary struture.
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Figure 1.2: a) Helix types and fully extended struture (FES). The red, dotted lines denote intra-
hain N−H · · ·O = C hydrogen bonds. ν denotes the number of peptide units to form
a hydrogen bond. b) Amino aid residue (peptide unit). The various amino aids dier
in the side hain that is attahed to them. For example, for glyine we have R = H and
for L-alanine R = CH3.
funtional state [5℄. While this fundamental question about the basi mehanism of protein folding
seems thus to be answered, a preditive theory of protein folding is, nonetheless, far from being
developed.
1.2 Seondary struture
The loal spatial arrangement of the peptide hain is alled seondary struture. A major part
(about 90 % among all proteins) of the seondary struture is found in rather regular strutural
motifs. Suh regular motifs an be either sheets, helies or turns (Fig. 1.1). Every part of the peptide
hain whih is not in either one of these motifs is alled random oil. It is generally aepted that
the formation and existene of the regular seondary struture motifs play a entral role for both
the folding and the biologial funtion of proteins. Serious diseases, suh as Altzheimer's disease,
Parkinson's disease or the Creuzfeldt-Jaob disease are supposed to be onneted to misfoldings
in the seondary struture [6℄. Thus a detailed understanding of the seondary struture stability
both from thermodynami and kineti viewpoints is essential to get a preditive understanding of
protein (mis)folding and funtionality/degeneration.
1.3 Helial onformations
The helix is the most abundant seondary struture motif. It is stabilized by intra-hain hydrogen
bonds (Figs. 1.2 and 1.3). Three dierent helix types have been found in proteins: the α-helix,
the 310-helix, and the π-helix. These three helix types dier in the hydrogen bonding (hb) pattern
they form: The hbs are formed between the peptide units i and i + ν, where ν = 3 for the 310-
helix, ν = 4 for the α-helix and ν = 5 for the π-helix (Fig. 1.2). Furthermore, they dier in the
number of peptide units per turn and exhibit dierent geometries: The 310-helix is more tightly
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wound than the α-helix, whih by itself is more tightly wound than the π-helix. In proteins the
α-helix is the predominant helix type, with an ourrene of 80 %, followed by the 310-helix, with
an ourrene of 20 % [7℄. In ontrast, extended π-helies are found only in exeptional ases [8℄.
However, investigations on the onformations of peptides in solution indiate that π-helial (and
310-helial) segments may be present as defets in α-helies [9, 10, 11℄.
The disovery of these three helix types [12, 13, 14℄ has stimulated sienti researh for more
than 5 deades. Nevertheless, open questions remain regarding their thermodynami stability, whih
is a rather deliate balane between the enthalpi and entropi ontributions of the peptide hain
and those arising from the surrounding environment (e.g. solvent). Here we address three of these
questions:
I. Is the helial seondary struture motif intrinsially stable at room temperature?
It is well aepted that the formation of hydrogen bonds between peptide units onstitutes an
important ontribution to the helix stability. However, it is a matter of debate, whether hydrogen
bonds on their own are strong enough to stabilize the helial onformation at a given temperature,
or whether additional stabilizing mehanisms are needed [15, 16, 17, 18℄. This fundamental issue
has been addressed in experimental studies on the stability of short L-alanine peptide hains
2
in
water [15℄ as well as in the gas phase [16℄. These experimental studies [15, 16℄ reveal stable helial
onformations in water at 274 K and in the gas phase at 300 K. One ould thus onlude that the
helial motif is intrinsially stabilized by the hydrogen bonds at room temperature. However, to
inrease the solubility of the L-alanine peptides and to avoid aggregation, harged peptide units
had to be attahed to the alanine hains in these studies. The harged peptide units tend to mask
the ontribution of intra-helial hbs to the stability of the helies. Indeed, it has been suggested
in Refs. [17, 18℄ that these harged peptide units attahed to the peptides in the studies [15, 16℄
are responsible for the observed helix stability to a more pronouned degree than the intra-helial
hydrogen bonds. Thus, a denite answer to the question, whether the hydrogen bonds alone are
suient to stabilize the helial onformations at room temperature, has not been given yet.
II. Rates of ourrenes of the dierent helix types  rarity of π-helies
As mentioned above, it is well known that the three experimentally observed helix types show
rather dierent rates of ourrene in the protein strutures. However, neither the origin of these
dierenes, nor the relative importane of the protein environment and the intrinsi features of the
peptide hain for the stability of the dierent onformations is understood at present.
In partiular the rarity of the π-helix has given rise to various speulations in the literature:
1. The avity in the enter of the π-helix is larger than that in the α-helix and the 310-helix. It
has thus been suggested that the van-der-Waals distanes aross the avity are larger, whih
would result in a relative loss of stability. On the other hand the avity would be still too
small to allow water moleules to enter, whih ould in turn bridge the large van-der-Waals
distanes [20℄.
2
L-Alanine is a simple amino aid (R=CH3, Fig. 1.2b) with a strong propensity to form helies [19℄.
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2. It has been suggested that the π-helix is energetially unfavorable, ompared to the α-helix
and the 310-helix, sine it lies outside of the onformational exibility of the peptide bakbone,
as has been determined with empirial analytial potentials for di-peptide model systems (e.g.
[14, 21℄).
3. The number of intra-helial hydrogen bonds in nite isomeri strutures of helies are not
equivalent. For a given nite hain length, the 310-helix forms one more hydrogen bond than
the α-helix, whereas the π-helix forms one less hydrogen bond than the latter one. It has been
suggested that this eet makes the π-helix energetially less favorable than the α-helix and
the α-helix less favorable than the 310-helix (e.g. [22℄).
4. It has been suggested that helix initiation is entropially unfavorable in the π-helix ompared
to the α-helix, sine in the π-helix four peptide units must be oriented orretly before the
rst, (i, i+5)-hydrogen bond is formed, whereas for the α-helix only three peptide units must
be oriented orretly [22℄.
The arguments 1) and 2) stem from the 50's and are speulative. In partiular argument 2) is not
neessarily valid (as we will show in Se. 1.5). The arguments 3) and 4) are more feasible. These
arguments are of energeti and kineti harater, respetively, and apply mainly for short helies.
However, they do not apply for a residue in the middle of long peptides, i.e., a situation in whih
dangling hydrogen bonds are absent or properly apped. It is, however, known that also the bulk of
extended helial motifs is predominantly adopting the α-type. Thus additional reasons must exist
to explain the rarity of π-helies.
III. Helial tendenies of the amino aids
The tendeny of a given protein segment to form helies depends on its amino aid sequene. This
important issue has been extensively investigated experimentally and thermodynami sales have
been derived to quantify the helial tendenies of the amino aids [19, 23, 24, 25, 26, 27℄. These
studies are onsistent in a qualitative manner, i.e., they largely agree in the order of the amino
aids on the thermodynami sale. For example, it is well aepted that proline and glyine (Gly,
R = H, Fig. 1.2b) are the weakest helix formers, whereas L-alanine (Ala, R = CH3) is the strongest
helix former. However, the reported thermodynami sales largely vary in a quantitative manner.
Fousing on the two extrema, Ala and Gly, the reported dierenes for the helial propensities
(denition will be given in Se. 4.5.4) at room temperature are spread from 0.7 kal/mol up to 2.0
kal/mol. Furthermore, the origin of the dierenes in the helial propensities is not laried yet.
Several assumptions have been made to explain, for instane, the dierenes between Gly and Ala:
1. It has been suggested that the main hain (or bakbone) onformational entropy
3
in the un-
folded state is larger for Gly than for Ala, due to smaller exluded volume eets assoiated
with steri interations of adjaent peptide units. D'Aquino et al. have estimated the on-
formational entropy of a di-peptide model system by means of an empirial fore eld and
3
The term main hain onformational entropy (or bakbone onformational entropy) denotes the entropy asso-
iated to the possible onformations the peptide hain may adopt in the given (folded or unfolded) state.
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Figure 1.3: Energy sale of the eletroni interations relevant for the stability of biologial systems
(shemati).
found a dierene of 0.7 kal/mol between Ala and Gly [28℄ in good agreement with the early
study of Nemethy et al. [29℄. However, other fore eld studies have obtained a muh smaller
dierene (< 0.2 kal/mol) in the main hain onformational entropy [30, 31, 32℄.
2. It has been suggested that the helial state of Ala sequenes ould be energetially preferred.
Sott et al. have drawn this onlusion, sine they found the entropi dierenes between Ala
and Gly to be small [32℄. We will address this point in Se. 1.5.
3. It has been suggested that the helix propensities of the dierent amino aids are inuened
to some extend by the solvent [33, 34, 35℄. The helial state of alanine sequenes ould be
preferred relatively to that of glyine beause of stronger hydrophobi interations. However,
reently Hudgins&Jarrold have analyzed the onformations of harged Ala- and Gly-based
peptides in the gas phase, i.e., in the absene of a solvent, using ion-mobility measurements
[36℄. They found that the stability of Ala- and Gly-helies is (qualitatively) onsistent with
the helix propensity sales mentioned above.
Summarizing these speulations, both, experimental and theoretial investigation of the helial
propensities have lead to partially ontraditory interpretations. Thus the origin of the helial
propensities still laks a full understanding.
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1.4 Intrinsi aspe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Fundamental aspets of helix stability are thus not laried yet. In partiular the detailed balane
of the various ontributions to the stability is still a matter of ontroversy. To fully understand
the helix formation proess, it is required to develop a systemati and quantitative theory. A rst
step towards suh a quantitative and systemati understanding must be the aurate aquisition
of the intrinsi aspets of helix stability, i.e., the stability in the absene of any environmental
eets, suh as solvent, protein environment or helix endings. Only after these intrinsi aspets
are quantitatively understood, the role of the various environmental eets, whih are ertainly
important by themselves, an be adequately lassied. The intrinsi aspets of stability are not
diretly aessible from experimental observation. Aurate theoretial studies of idealized model
systems are therefore highly desirable.
For this kind of studies, however, the hoie of the theoretial tools is of ruial importane. This
is due to the fat that the requirements on auray are very high in these biologial systems. We
will at rst briey enumerate the basi requirements for an aurate desription of the seondary
struture. In the next setion, we will then introdue an approah whih meets these requirements.
• Chemial bonding and Pauli repulsions: A basi requirement on the theoretial approah
in use is that it is able to aurately desribe the ovalent and ioni bonds whih stabilize the
peptide hain. Further, it must be able to orretly aount for the steri hindranes and short
range repulsions whih may appear when the peptide hain folds to the seondary struture.
Bond lengths, valene angles, and dihedral angles must be predited orretly.
• Hydrogen bonding: The approah must be able to aurately desribe hydrogen bonding.
Hydrogen bonds are the key interations, whih drive the formation of the seondary struture
of proteins. The origin for hydrogen bonding is thought to be predominantly of eletrostati
nature and losely related to the harge distribution within the moleular struture [37℄. In a
simplied piture a hydrogen bond an be understood as a dipole-dipole interation, involving
the proton of an hydrogen atom as the positive pole and a strongly eletronegative atom as the
negative pole (Fig. 1.3). Of ourse, in reality the interation is more sophistiated; it involves
higher order multi-pole terms and depends in a omplex manner on the relative orientation
of the two interating groups [38℄. Furthermore, it has long been suggested [39℄ and reently
onrmed by means of ab-initio alulations (Ref. [40℄ and referenes therein) that hydrogen
bonds involve some ovalent ontribution.
• Eletroni polarizability: The approah must adequately aount for eletroni polarizabil-
ity. The eletrostati multi-pole terms as desribed above are not xed, stati quantities of the
moleular geometry: An external eletrial eld may indue a harge density redistribution in
the moleule, thereby altering the multi-poles. This proess is alled eletroni polarizability
and is ruial for the hydrogen bond formation in the seondary struture. It allows, e.g., the
multi-poles assoiated with the hydrogen bonding network of the helix to interat with eah
other in a non-linear way, suh that eah hydrogen bond is muh stronger in the network than
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Figure 1.4: Shemati illustration of the ooperativity of hydrogen bonds in a helix.
it would be in the isolated ase. This proess is alled hydrogen bond ooperativity (Fig. 1.4
and Se. 1.5).
• Van-der-Waals fores: Van-der-Waals (or London-dispersion) fores are aused by the
dynamially indued polarization eets onneted to utuations in the eletroni harge
distribution, whih arise from the osillations of the eletroni wavefuntion. Due to these
utuations a (spherial) atom has a transient dipole moment, whih polarizes any neutral
atom nearby and leads to an attration between the atoms. Although the transient dipole
hanges onstantly and rapidly, those of the other atoms tend to follow it and are orrelated.
These interations are purely quantum mehanial in nature and exlusively attributed to
eletroni orrelation (Se. 2.4.3). The fores resulting from these interations exist in any
poly-atomi system, even in the absene of permanent multi-poles, and in eletrostatially
ompletely neutral objets. They are important for the stability of biologial systems, in whih
other inter-moleular fores, like hydrogen bonds, are laking. For predominantly hydrogen
bonded systems, however, they play only a seondary role, sine hydrogen bonds are in general
an order of magnitude stronger than van-der-Waals bonds (Fig. 1.3). The question of whether
the van-der-Waals bonds are important to desribe the peptide hains analyzed in this projet
will be disussed in Se. 2.4.3.
1.5 Density funtional theory
Following the above onsiderations, expliitly taking into aount the eletroni struture is obvi-
ously inevitable to obtain an aurate desription of the seondary struture. Density funtional
theory (DFT) [41, 42℄ is a powerful method to simulate moleular systems by fully taking into
aount their eletroni struture. It is well known that DFT aurately predits the strutural
and energeti properties related to hemial bonds (Se. 2.4.3), and, reently, omparative studies
to post-Hartree Fok approahes have also veried the high auray of this approah to desribe
hydrogen bonds (see Refs. [43, 44℄ and referenes therein).
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Figure 1.5: Potential energy surfae for a) poly-L-alanine and b) poly-glyine. The tables on the
left hand sides of the plots denote the stati stability per peptide unit with respet to
the FES (Eq. (1.1)). Courtesy of J. Ireta.
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Indeed, DFT based studies of helies in vauum have already been useful to unveil the role
hydrogen bonds play in stabilizing these seondary struture motifs. For instane, DFT studies
of nite and innite peptide hains [45, 46, 47, 48, 49℄ have shown that ooperative eets in
hydrogen bonding networks (Fig. 1.4) may lead to a dramati inrease in hydrogen bond strength
and are ruial to stabilize helies with respet to hydrogen bond free onformations suh as the
fully extended struture (FES, Fig. 1.2). It has been shown that ooperativity strengthens the
individual hydrogen bonds in the innite poly-L-alanine α-helix by more than a fator of two [48℄.
Potential energy surfae of innite poly-L-alanine and poly-glyine hains
Reently, DFT has been employed to investigate the ongurational spae of innite poly-L-alanine
[50℄ and poly-glyine [51℄ hains. By sampling the onguration spae spanned by the helial para-
meters L and Θ (Fig. 1.6) and fully relaxing the internal degrees of freedom of the peptide hain a
2-dimensional potential energy surfae (PES) has been obtained.
This (L,Θ)-PES provides a valuable topo-
Figure 1.6: Helial parameters: pith L, twist Θ
and radius R.
graphial representation of the ongurational
spae of the helial motifs: As Fig. 1.5 shows,
the PES exhibits several minima for both poly-
L-alanine and poly-glyine. Three of these mi-
nima an be learly identied with the three ex-
perimentally observed helix types, i.e., 310-, α-
and π-helix. Besides these minima further mi-
nima exist for the unstrained hain in the fully
extended struture (FES) and for the so alled
27-struture (Figs. 1.5 and 1.2). Also, it has
been found that the helial parameters are sui-
table reation oordinates to desribe the me-
hanial deformations of the peptide hain [50℄.
Furthermore, the (L,Θ)-PES allows to determine the stati stability of the helies, i.e., the sta-
bility at 0 K. To determine the stati stability, let us set the energy zero as the total energy of the
FES, beause this referene system orresponds to the unstrained peptide hain whih laks hbs.
The stati stability is then given as:
∆Eel(L,Θ) = Eel(L,Θ)− Eel(LFES,ΘFES), (1.1)
where Eel(L,Θ) denotes the total energy per peptide unit for given L and Θ, and Eel(LFES,ΘFES)
denotes that of the FES. As shown in Fig. 1.5, all three helial onformations are energetially
preferred over the FES. The same applies to the 27-onformation, although the energeti preferene
is muh smaller in this onformation. Hene, we may onlude that, in a stati piture, the helial
state is energetially preferred with respet to the unstrained, extended state by 2.3 to 2.9 kal/mol
per peptide unit, depending on the helix type and on the side hain. A more detailed disussion of
the energeti dierenes between the helix types will be given later.
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While the PES gives important insights into the stati stability of the helial onformations
and provides a valuable topographial representation of the ongurational spae, it is, however,
not suient to nd answers to the fundamental questions we have raised in Se. 1.3. Namely,
the peptide hain is not in rest, but is, even at the absolute temperature zero point, exposed to
utuations (zero point vibrations). Even more important, the system performs strong thermal
vibrations in the biologially relevant temperature range. The stati stability of the helial motifs
as indued by the hydrogen bonds is not partiularly large. It is thus a basi question, whether or
not the thermal vibrations are strong enough to break the helix struture.
Also, the information about the stati stability as available from the PES does not explain the
dierenes in helial propensities between Ala and Gly  the stati stability of the Gly α-helix is
even slightly larger than that of the Ala α-helix.
Furthermore, aording to the stati stability, the π-helix should be muh more frequently obser-
ved than it atually is  the π-helix is only marginally destabilized with respet to the α-helix for
Ala and degenerated to it for Gly. It is in this regard interesting to note that reent experimental
studies suggest the presene of transient defet strutures (,i.e., the ontent of π- and 310-helial
segments) in solvated α-helies to be larger at low temperatures (e.g. at 0◦C) than at high tem-
peratures (e.g. at 30◦ C) [10, 11℄. Based on these experimental ndings it has been onluded that
the melting temperature for π- and 310-helies is lower than the melting temperature for an α-helix
[10, 11℄. This implies that the relative thermodynami stability (whih is given by the dierene in
the free energy of formation) between the three helix-types is not a onstant, but shows a strong
temperature dependene.
To get a more realisti piture, it is therefore required to go beyond the stati treatment and
inlude the vibrational properties of the peptide hain in the stability analysis.
1.6 Temperature dependene
The theoretial treatment of dynamial properties of the seondary struture on an atomisti level
has been traditionally reserved to moleular dynamis simulations based on empirial fore elds.
The fore eld approah treats hemial bonding by means of fore onstants and inorporates the
weak bonding interations, i.e., hydrogen bonding and van-der-Waals fores, by point harge models
and Lennard-Jones potentials, respetively. The fore onstants are optimized to t experimental
and/or ab-initio data. The big advantage of fore elds ompared to ab-initio methods is that they
are omputationally inexpensive: Nowadays moleular dynamis simulations of systems ontaining
hundred thousand atoms or more an be performed for time periods of several nanoseonds (see
Ref. [52℄ and referenes therein). However, the approximate/parameterized nature of the fore eld
approah reveals also deienies. For example it is not lear, whether or not the limited auray
and preditive power of this approah allows to aurately reprodue the deliate dierenes between
the individual stabilities of the dierent seondary struture types. Indeed, it has been shown that
the relative stability of the helix types, i.e., 310-, α- and π-helix, strongly depends on the hosen
fore eld parametrisation [53℄ and thus might be artiial for an individual fore eld.
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The suess of a fore eld in aurately desribing a partiular property of the system ruially
depends on whether or not suient relevant input data for the optimization of the fore on-
stants is available. For the determination of the vibrations of the helix this limitation has serious
onsequenes. To be more onrete, we quote as an example the vibrational spetrum of the poly-L-
alanine α-helix, whih has been the subjet of various experimental and theoretial, fore eld based
studies in the past [54, 55, 56℄. The experimental spetra of this system are omplete and aurate
for the mid-to-high frequeny range from 200 to 3500 cm−1, however, they are inomplete for the
low frequeny range below 200 cm−1. As a onsequene, the fore elds, whih were optimized to
t these experimental spetra, revealed signiant shortomings in prediting the spei heat [55℄,
indiating substantial errors in the low frequeny vibrational branhes. The low frequeny branhes
in turn are fundamental for the thermodynami stability, as they dominate the vibrational entropy
and ontain the mehanial deformations of the helix. To obtain an aurate desription of the tem-
perature dependene of the helix stability it is therefore required to ll this gap left behind by the
existing experimental and fore eld studies and to determine the omplete vibrational spetrum
by explitly inluding the low frequeny branhes.
Density funtional theory alulations applied on idealized model systems, suh as innite helies
in vauum are therefore highly desired, sine they would allow to aurately determine the omplete
vibrational spetrum orresponding to the respetive helial struture, in an unbiased, parameter
free manner. Indeed, DFT based studies on vibrational properties of the seondary struture have
already been published [57, 58℄. These studies are, however, foussed on partiular frequenies
rather than the omplete vibrational spetrum and are not treating thermodynami properties suh
as the free energy. Reently, Wiezorek&Dannenberg have omputed the ontributions of vibrational
energy to the stability of the poly-L-alanine α-helix at 0 K and at room temperature using DFT and
nite hains up to the length of 18 peptides [59℄. The orretions they found were rather small (0.2
kal/mol per peptide unit) and an asymptoti limit for the formation enthalpy of the innite α-helix
of about -3.0 kal/mol per peptide unit was predited. While this study an be onsidered a rst
step towards a thorough thermodynami desription of these systems aspets, it is still inomplete
in so far as not only the ontributions of the vibrational energy but also those of the vibrational
entropy should be inluded to aurately determine the free energy at elevated temperatures. As we
will show in this thesis these entropi ontributions are muh more important for the helix stability
at room temperature than the energeti vibrational ontributions.
1.7 This projet
In this projet we have employed density funtional theory to study the temperature dependene
of the helix stability. To provide an unbiased view on the intrinsi helix stability, whih is omple-
mentary to the experimental observation, we have foused on the bulk of the innite struture, and
exluded environmental eets, suh as solvent or helix endings, from our investigation.
The onrete motivation for the projet is given by the three fundamental issues disussed in Se.
1.3. We fous at rst on a poly-L-alanine hain to takle the rst two questions:
16
1.7 This projet
• Is the helial seondary struture motif intrinsially stable at room temperature?
• Why are π-helies rarely observed in proteins (ompared to α- and 310−helies)?
In order to determine the temperature dependene of their relative stability we have inluded the
α-helix, π-helix, and 310-helix, in the stability analysis. Furthermore, we have investigated the
27-onformation to omplete the study in terms of possible hb patterns (Fig. 1.2 a), and the fully
extended struture (FES), whih laks hydrogen bonds, and serves as a referene point for the
stability analysis.
The study is based on the onept of free energy, whih is determined by solving the equations
of motion in the harmoni approximation. This means we apply Bloh's theorem, i.e. we determine
the phase dependent, symmetry redued dynamial matrix, diagonalize it, and obtain the phonon
dispersion relation. With the knowledge of the phonon dispersion relation we determine the partition
funtion and with it the thermodynami properties inluding the free energy. In order to ahieve the
high numerial auray required in this study for fores, vibrational frequenies and thermodynami
data, we have extended the established standard methodology by a novel method for alulating
the dynamial matrix, i.e., a three-stages renement (TSR) sheme.
To go beyond the harmoni approximation and to extend the study to anharmoni eets we apply
the thermodynami integration approah. The anonial thermodynami averages as required along
the thermodynami integration path are determined by means of an eient moleular dynamis
approah (Langevin dynamis), whih we have implemented together with an eient extrapolation
sheme for the eletroni degrees of freedom.
The fous of this thesis is thus to aurately alulate the free energies of the pure phases or-
responding to the possible equilibrium onformations of the peptide hain. Nevertheless, at nite
temperatures the thermodynami state of the peptide hain may be haraterized by a oexistene
of several phases rather than by a single phase. This is partiularly true for the unfolded state,
whih is supposed to be oupied at high temperatures. An exat determination of the free energy
of the unfolded state is beyond the sope of this projet. However, we have estimated the free
energy of the unfolded state by treating the unfolded state as an ideal solution of the bulk phases
ontributing to it.
For takling the third issue:
• What is the origin of the dierene in the helial propensities between L-alanine and glyine?
we have performed a omparative analysis for the innite poly-glyine and poly-L-alanine hain.
These amino aids, L-alanine and glyine, are most suitable for suh a omparative study, sine they
are, on the one hand, the two amino aids with the simplest side hains (R = CH3 for L-alanine
and R = H for glyine, Fig. 1.2 b) and, on the other hand, the two extrema of the (experimental)
helix propensity sale.
Validating the auray of our approah is another important issue. While DFT would, in prin-
iple, allow to exatly determine the ground state properties of a given system, its pratial imple-
mentation requires to introdue a fundamental approximation  in this study we use the generalized
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gradient approximation (GGA)  in form of the so alled exhange-orrelation funtional. While
omparative studies of DFT-GGA and the supposedly more aurate post-Hartree Fok methods
have already veried the high reliability of DFT-GGA to desribe the stati/energeti ontributions
of the hydrogen bonds in the seondary struture, the performane of DFT-GGA to determine
the vibrational/thermodynami properties of the helix is essentially unknown. To validate its a-
uray we have ompared the alulated frequeny spetra and thermodynami data to available
experimental data.
Furthermore, an analysis of the obtained results is presented with the aim of getting a deeper
understanding of the underlying mehanisms that drive the dierenes between the various onfor-
mations of the peptide hain. For this purpose we have developed an analytial potential to model
the vibrations of the peptide hain and to reprodue the thermodynami trends.
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The purpose of this hapter is to provide the theoretial framework of the projet. The hapter is
arranged as follows: First, the model used to desribe the seondary struture of the peptide hain
is introdued and the basi terminology is laried (Se. 2.1). Then the theoretial approahes
whih have been employed in this work are presented. These inlude density funtional theory
(DFT) to determine the eletroni groundstate (Se. 2.4) and the quasi-harmoni approximation
to solve the ioni equations of motion (Se. 2.6) of the peptide hain. Furthermore, the basi
thermodynami tools to alulate the free energy and the temperature dependent stability of the
various onformations of the peptide hain are developed. To estimate anharmoni ontributions
the thermodynami integration method (Se. 2.7) is introdued.
2.1 Model
For this projet we model the seondary struture of the peptide hain as an isolated, innitely long
hain, assembled with a single peptide unit, whih an be either glyine or L-alanine (Fig. 1.2b). In
stati equilibrium suh a hain is ompletely periodi, with the peptide unit being the repeat unit.
The repetition of the peptide units may be desribed by a lattie vetor, Tn, whih is determined
by a translation along the hain axis, i.e., a pith L, and a rotation around the hain axis, i.e, a
twist Θ (Fig. 1.6). In Cartesian oordinates Tn may be written as:
Tn = (R · cos(nΘ), R · sin(nΘ), n · L) , (2.1)
where n indiates the peptide unit and R is the distane to the helix axis. Here we fous exlusively
on single-stranded peptide hains, whih inlude the most abundant seondary struture motif, the
helix. Multi-stranded motifs, suh as the β-sheet, are exluded from this study. Furthermore, we
fous on isolated helies in vauum and expliitly exlude eets of the helix-endings, of the protein
environment, and of the solvent. Therefore, all properties of the peptide hain obtained in this
study are intrinsi features of the respetive hain onformations. As disussed in the introdution,
it is the aim of this projet to determine these intrinsi features as aurate as possible.
2.2 Many-body Shrödinger equation
We intend to analyze the behavior of the peptide hain by expliitly taking into aount its N el
eletroni degrees of freedom, denoted with xi, and its N
ion
atomi degrees of freedom, denoted
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with XI . Thus, we have to solve the many-body Shrödinger equation (SE):
H(x,X)ΨΥ(x,X) = EΥΨΥ(x,X). (2.2)
Here, ΨΥ(x,X) denotes the many-body wavefuntion of the peptide hain orresponding to the total
energy EΥ, whereas Υ denotes the quantum number. The ongurational vetor of the eletrons is
given by x = (x1,x2, ...,xNel), and X = (X1,X2, ...,XN ion) denotes the ongurational vetor of
the atomi ores, whih are in the following denoted as ions. H(x,X) represents the many-body
Hamiltonian whih is, using atomi units, given by:
H(x,X) = T el(x) + T ion(X) + V el−el(x) + V el−ion(x,X) + V ion−ion(X), (2.3)
where
T el(x) = −
Nel∑
i=1
∆i
2
(2.4)
is the kineti energy of the eletrons. The term
V el(x) =
1
2
Nel∑
i6=j
1
|ri − rj| (2.5)
desribes the eletrostati interation of the eletrons,
T ion(X) = −
N ion∑
J=1
∆J
2MJ
, (2.6)
is the kineti energy of the ions,
V ion−ion(X) =
1
2
N ion∑
I 6=J
ZIZJ
|XI −XJ | (2.7)
stands for the eletrostati interations of the ions, and
V el−ion(x,X) = −
N ion∑
J=1
Nel∑
i=1
ZJ
|xi −XJ | (2.8)
denotes the eletrostati eletron-ion interation. The terms MJ and ZJ stand for the ion masses
and the ion harges, respetively.
2.3 Born-Oppenheimer approximation
Solving the SE of a poly-atomi system diretly and exatly onstitutes in general an intratable
problem. A basi simpliation for solving the SE, whih we apply in this work, is ontained in
the Born-Oppenheimer approximation (BOA). The BOA employs the fat that the eletrons move,
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due to their signiantly lower mass (
Mel
M ion
< 0.005), muh faster than the ions. The idea behind
the BOA is thus to assume the ions to be xed on the eletroni timesale. As a onsequene, the
eletroni movement is deoupled from the ioni movement, in a sense that it does not depend on
the veloities of the ion ores, but only on their positions. On the other side, the ions explore a
onservative potential arising from the eletroni state at the given ioni positions, the so alled
Born-Oppenheimer surfae.
To realize the Born-Oppenheimer approximation, a separation ansatz is used for representing the
many-body wavefuntion:
ΨΥ(x,X) = Ψ
ion
νµ (X)Ψ
el
ν (x;X). (2.9)
Here Ψelν (x;X) denotes the wavefuntion for the eletroni degrees of freedom, x, and desribes the
solution for the eletroni Shrödinger equation:
Hel(x;X)Ψelν (x;X) = E
el
ν (X)Ψ
el
ν (x;X), (2.10)
where
Hel(x;X) = T el(x) + V el−el(x) + V el−ion(x;X) + V ion−ion(X) (2.11)
is the eletroni Hamiltonian. Eelν (X) denotes the Born-Oppenheimer surfae orresponding to the
eletroni quantum number ν and stands for the eigenvalues of the eletroni Hamiltonian.
Ψionνµ (X) desribes the wavefuntion for the ions and is the solution of the ioni Shrödinger
equation:
H ionν (X)Ψ
ion
νµ (X) = E
tot
νµΨ
ion
νµ (X), (2.12)
where
H ionν (X) ≡ T ion(X) + Eelν (X) (2.13)
is the ioni Hamiltonian and Etotνµ stands for the total energy orresponding to the eletroni quantum
number ν and the ioni quantum number µ.
We now substitute the separation ansatz Eq. (2.9) into the many-body Shrödinger equation:
H(x,X)Ψionνµ (X)Ψ
el
ν (x;X) = E
tot
vµ Ψ
ion
νµ (X)Ψ
el
ν (x;X)
−
N ion∑
I=1
1
2MI
(2
∂Ψionνµ
∂XI
∂Ψelν
∂XI
+Ψionνµ
∂2Ψelν
∂X2I
) =: Eph−el

≈ Etotvµ Ψionνµ (X)Ψelν (x;X). (2.14)
Eq. (2.14) shows that the separation ansatz is valid, if the so alled eletron-phonon interation
term Eph−el is negleted (details e.g. in Ref. [60℄). The BOA thus neglets the possibility that
eletroni transitions ould our as onsequene of ioni displaements (rst part of Eph−el) and
it neglets the part of the kineti energy of the eletrons, whih arises from their movement along
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the ioni trajetory (seond part of Eph−el). As mentioned above, the BOA is justied by the fat
that the atomi masses are muh larger than the eletron mass and hene both terms of Eph−el are
small ompared to the kineti energy of the eletrons.
There are important physial mehanisms, in whih eletron-phonon interations play a ruial
role. Examples are the eletrial resistivity in metals, the broadening of spetral lines in optial
luminesene measurements, and the primary steps of photosynthesis in green plants, where optially
exited eletroni states ouple to spei low frequeny vibrations of the so-alled light-harvesting
protein omplex.
The peptide hains we are dealing with in the present work are, however, haraterized by a huge
HOMO-LUMO gap of
ǫHOMO−LUMO > 4.5 eV, (2.15)
whih is more than two orders of magnitude higher than the thermal energy kBT at room tem-
perature [51℄. Thus, in the relevant temperature range, the exited eletroni states of the peptide
hain are not ontributing to the thermodynami properties. Hene, we fous exlusively on the
eletroni ground state in this study, whih implies that we may rely on the BOA.
2.4 Density funtional theory
The eletroni ground state of the peptide hain for a given set of ioni positions X is haraterized
by its ground state wavefuntion Ψelg (X) and the orresponding eigenvalue E
el
g (X), whih an be
obtained by solving the eletroni Shrödinger equation (SE) (Eq. (2.10)). Solving Eq. (2.10)
exatly is possible via the full onguration interation (full CI) approah, but numerially extremely
expensive and therefore not pratiable for extended poly-atomi systems. Nevertheless, nowadays
several ab-initio methods exist, whih allow to solve the eletroni SE in an approximate but
highly aurate way. Typially post-Hartree-Fok methods, suh as the (trunated) onguration
interation (CI), the (trunated) oupled luster (CC), the Quantum Monte Carlo (QMC) and the
Möller-Plesset perturbation (MP) theory are the ab-initio methods, whih oer the highest auray.
However, the omputational eort onneted to these methods is still partiularly high and shows
high order polynomial saling with system size: Seond order MP sales with
(
N el
)5
[61℄. CC, if
trunated after single, doublet and triplet interations, sales with
(
N el
)8
[62℄. QMC and CI sale
even exponentially with the system size (both in timing and storage). Thus the post-Hartree-
Fok methods are limited to systems with a small total number of hemially ative eletrons
N el ≤ O(100) 1. The number of valene eletrons in the peptide hains studied here exeeds
this limit by an order of magnitude. Hene, an alternative to the post-Hartree-Fok methods is
required for this projet. Density funtional theory (DFT) is suh an alternative approah. It
fouses on the eletron density distribution n(r) in 3-dimensional real spae rather than on the
1
We remark that approximated forms of the post-Hartree-Fok methods exist, whih improve the saling behavior:
e.g. loal approximations for the orrelation interation for MP (e.g. [61℄) and CC (e.g. [62℄) or the xed node
approximation for QMC (e.g. [63℄). The rst two referenes report even linear saling with system size. However,
it has not been suiently tested how these approximations limit the auray in desribing the systems we are
interested in.
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many-body wavefuntion in 3 · N el-dimensional eletroni onguration spae. Consequently, its
omputational eort sales better than the post-Hartree Fok methods  DFT sales with
(
N el
)α
,
where α ≈ 2 − 3 (depending on the basis set).2 DFT an denitely handle systems onsisting of
1000 to 10000 eletrons, thus it an also handle the peptide hain. In priniple the Kohn-Sham
formalism, whih implies an eient method of alulation for the ground state eletron density
and energy, aounts for all many-body eets on the basis of the exhange-orrelation (XC) density
funtional Exc[n]. In order to make DFT appliable in real alulations, this XC funtional has,
however, to be approximated.
In this setion, key onepts of DFT are presented, inluding the Hohenberg-Kohn theorem
and the Kohn-Sham formalism. Furthermore, a justiation for the employment of the spei
XC funtional whih has been used in this projet, the generalized gradient approximation in the
Perdew-Burke-Ernzerho formulation (GGA-PBE) [65℄, is given.
For simpliity, we will in the remaining part of this setion suppress the expliit oordinate
dependene of the respetive operators onstituting the eletroni Hamiltonian. The oulombi
interation of the eletrons with the ions will be expressed through a xed, external potential
V el−ion(x;X)→ V ext(r). (2.16)
Furthermore, the ion-ion interation term V ion−ion will be suppressed, sine it enters in the eletroni
Hamiltonian only as a onstant. We will write the energy eigenvalue of the eletroni Hamiltonian
without V ion−ion as Eeg. The relation between the Born-Oppenheimer surfae and this eigenvalue is
Eelg (X) = E
e
g(X) + V
ion−ion(X). (2.17)
2.4.1 Hohenberg-Kohn theorem
The Hohenberg-Kohn theorem (HKT) [41℄ onstitutes the theoretial basis of the density funtional
theory. It onsist of two lemmas. The rst lemma (HKT I) states:
• The ground state density ng(r) of a bound system of interating eletrons in some external
potential V ext(r) determines this potential uniquely (up to an additive onstant).
In other words, there are no two systems with a dierent external potential leading to the same
ground state eletron density. Therefore, ng(r) also uniquely determines the eletroni Hamiltonian
He, and with it the ground state energy Eeg and the wavefuntion Ψ
el
g . The seond lemma (HKT
II) states that:
• For a given external potential V ext(r) the ground state eletron density and energy may be
determined from a variational priniple:
Eeg = 〈Ψg |He|Ψg〉 (2.18)
2
A Wannier-like formulation even allows to obtain linear saling [64℄.
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= min
Ψ
(〈Ψ |He|Ψ〉) (2.19)
= min
n
(〈Ψg[n] |He|Ψg[n]〉) (2.20)
= min
n
(Ee[n]) . (2.21)
This means that, for a partiular external potential V ext(r), the ground state eletron density
minimizes the funtional Ee[n] with:
Ee[n] = 〈Ψg[n] |He|Ψg[n]〉 . (2.22)
Eqs. (2.18-2.20) perform, under onsideration of the HKT I (in Eq. (2.19)), a hange from the
Ritz-variational priniple (in Eq. (2.18)), whih deals with the 3 · N el-dimensional wavefuntion,
to a orresponding more trivial variational priniple for the 3-dimensional eletron density (in Eq.
(2.20)). As mentioned above, this transition leads to the fat that the omputational eort of DFT
is usually muh lower than that of the wavefuntion based post Hartree-Fok methods.
The energy funtional in Eq. (2.21) may be written in the form:
Ee[n] =
∫
d3rV ext(r)n(r) + F [n]. (2.23)
In this deomposition, the rst term ontains the interation of the eletrons with the external
potential V ext(r) and the seond term, i.e.,
F [n] = 〈Ψg[n]|T el + V el−el |Ψg[n]〉 (2.24)
ontains the kineti energy and the eletron-eletron interation. The funtional F [n] is universal,
i.e., it does not depend on the external potential. One it is known, it an be applied to all kinds of
systems, to exatly determine their ground state properties. Nonetheless, although the HKT proves
that F [n] exists and also gives a lear denition of F [n], it does not give any information about the
form of F [n]. Consequently, for the appliation of DFT on realisti poly-atomi systems, F [n] must
be approximated.
We remark that the Hohenberg-Kohn theorem only addresses the eletroni ground state and
does not takle exited eletroni states. This is however, not limiting our projet, sine we are
exlusively interested in the eletroni ground state of the peptide hain, as already disussed in
Se. 2.3.
2.4.2 Kohn-Sham equations
While the Hohenberg-Kohn theorem onstitutes the formal basis of DFT, the Kohn-Sham equations
provide a pratial and eetive method to determine the ground state eletron density and energy
[42℄. The expliit derivation of the Kohn-Sham equations is presented elsewhere (e.g. in Refs.
[42, 60, 66℄). Here we fous on introduing the essential equations. The Kohn-Sham equations are
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eetive one-partile equations:
HKSφKSν (r) = ǫ
KS
ν φ
KS
ν (r), (2.25)
where HKS denotes the Kohn-Sham operator, and ǫKSν and φ
KS
ν (r) denote the Kohn-Sham eigenval-
ues and eigenstates, respetively. The latter form an orthonormal system of one-partile orbitals:
〈φKSν | φKSµ 〉 = δνµ, (2.26)
that desribe a set of non-interating pseudo-partiles, the Kohn-Sham eletrons.
The Kohn-Sham operator is given by:
HKS = −1
2
∆ + V ext(r) + V H[n](r) + V xc[n](r). (2.27)
It onsists of the kineti energy orresponding to the Kohn-Sham eletrons and three potential
terms, V ext(r), V H[n](r) and V xc[n](r). The rst potential term, V ext(r) , is the external potential
due to interation with the ion ores (Eq. (2.15)). The seond potential term, V H[n](r), is the
Hartree potential and is dened as:
V H[n](r) =
∫
d3r′
n(r)
| r′ − r | . (2.28)
It is just the eletrostati potential due to the ground state eletron density n(r). The latter is
determined by lling the Kohn-Sham orbitals with oupation numbers, focci , aording to the
Pauli-priniple:
n(r) =
∑
i
focci | φi(r) |2 . (2.29)
The third potential term in Eq. (2.26), the exhange-orrelation (XC) potential, is dened as the
funtional derivative of the exhange-orrelation energy :
V xc[n](r) :=
δExc[n]
δn
. (2.30)
The XC energy itself is dened as the dierene between the exat universal funtional F [n] and
the sum of the kineti energy T s[n] of the Kohn-Sham eletrons and their Hartree energy EH[n]:
Exc[n] := F [n]− (T s[n] +EH[n]), (2.31)
where
T s[n] = −1
2
∑
i
focci
∫
d3rφKS∗i (r)∆φ
KS
i (r), (2.32)
and
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EH[n] =
1
2
∫
d3rn(r)V H(r). (2.33)
Thus, the XC energy ontains all quantum mehanial many-body orretions to the two quantities
T s[n] and EH[n], and makes, by denition, the Kohn-Sham equations exat. Eq. (2.24) has to be
solved self-onsistently, sine both the Hartree- and the XC-potential depend on the ground state
eletron density. One n(r) is obtained, the ground state energy an be alulated. Substituting
Eq. (2.30) into Eq. (2.22) reveals:
Ee[n] = T s[n] +
∫
d3rV (r)n(r) + EH[n] + Exc[n]. (2.34)
The XC energy gives, aording to its absolute value, the smallest ontribution to the total energy.
However, its inlusion is mandatory for a orret treatment of the eletroni system. The exat
form of the XC funtional is unknown, in the same way that the exat form of F [n] (Eq. (2.23)) is
unknown. Aording to Kohn, the pratiality of DFT depends entirely on whether an approximation
for Exc[n] an be found, whih is at the same time suiently simple and aurate [67℄. Possibilities
for suh an approximation are disussed in the next setion.
2.4.3 Exhange-orrelation funtional
To explain the terms exhange and orrelation let us turn briey to the Hartree-Fok theory, sine
the denitions of exhange and orrelation stem from this theory. Hartree-Fok is based on an
approximate ansatz for the many-body wavefuntion Ψel. In this ansatz the wavefuntion is onsid-
ered to be a Slater-determinant, i.e., a produt of one-partile orbitals, whih is antisymmetri with
respet to an exhange of any two eletrons. Inserting this ansatz into the eletroni SE results,
similarly to the Kohn-Sham formalism, in a set of eetive one-partile equations, the Hartree-Fok
equations (see e.g. [60℄).
Exhange energy
The Hartree-Fok equations an be understood as a (quantum-mehanial) orretion to the Hartree
equations, whih by themselves arise from a separation ansatz for the many-body wavefuntion
and desribe the eletron-eletron interation exlusively by the Hartree potential. The aording
orretion term is ontained in a non-loal operator, the so alled Fok-operator, whih ontributes
the exhange energy Ex to the ground state energy. Together with the ontributions of the kineti
energy ET, the external potential EV, and of the Hartree potential EH, the Hartree-Fok ground
state energy may be written as:
EHFg [φ1...φNel ] = E
T[φ1...φNel ] + E
V[φ1...φNel ] + E
H[φ1...φNel ] + E
x[φ1...φNel ]. (2.35)
The exhange energy, Ex[φ1...φNel ], arises from the eletrons with the same spin and is negative;
it thus ounterats the positive Hartree energy that is due to the eletrostati repulsion of the
eletrons. It orrets for the self interation, i.e., the eletrostati interation of an eletron with
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itself, whih is (spuriously) ontained in the Hartree energy. Furthermore, the exhange energy is
largely responsible for hemial bonding, sine it leads to the splitting of atomi valene orbitals
into bonding and anti-bonding orbitals in hemial ompounds.
Correlation energy
The Hartree-Fok equations are, by onstrution, exat as long as the many-body wavefuntion
an be desribed by a single Slater determinant. However, when the system ontains more than
one eletron, a single Slater determinant is in general insuient for desribing the wavefuntion.
Instead, the true ground state has to be desribed by a linear ombination of Slater determinants,
whih ontain exited one-eletron states φi. The dierene between the Hartree-Fok ground state
energy and the true ground state energy is dened as the orrelation energy Ec:
Ec := EHFg − Eexactg . (2.36)
Eletroni orrelation is a pure quantum mehanial eet and arises due to the spatial position
of eletrons with opposite spin. The eletroni system may lower the Coulomb repulsion of these
eletrons by optimizing the phase orrelation of these eletrons as ontained within the many-body
wavefuntion. Post Hartree-Fok methods aim to improve the Hartree-Fok method by inluding
eletroni orrelation eets. Usually these methods give very aurate results, but for the prie of
a very high omputational eort, as has been already mentioned in the introdution of this hapter.
Treatment of exhange and orrelation in DFT
In the Kohn-Sham equations the exhange and orrelation interations enter via a loal potential,
the exhange-orrelation potential:
V xc[n](r) = V x[n](r) + V c[n](r). (2.37)
This is fundamentally dierent from Hartree-Fok and post-Hartree-Fok methods, in whih both,
exhange and orrelation, are treated as non-loal, integrated quantities of the wavefuntion. A
further important dierene between the two approahes is that, in its traditional form, DFT
ontains an approximation for both, orrelation and exhange, whereas post-Hartree Fok methods
are based on an exat treatment of exhange and approximate only the orrelation. Reently, DFT
methods have also been developed, whih inlude the exat exhange as a loal potential that an be
ombined with approximations for the orrelation either from traditional DFT or from even more
aurate methods, suh as the GW approah (see Ref. [68℄ and referenes therein). However, these
methods are still omputationally too demanding to be appliable to systems ontaining hundreds
of eletrons, as a peptide hain. Therefore the traditional DFT has been applied in this projet.
Quasi-loal expansion
A very eetive approximation for the XC funtional results from the so-alled quasi-loal expansion
of the XC hole. The quasi-loal expansion is formally based on the following exat expression for
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the XC funtional:
Exc = −1
2
∫
d3r
n(r)
Rxc[n](r)
, (2.38)
where Rxc[n](r) is the eetive reah of the average3 XC hole nxc[n](r, r′):
[Rxc[n](r)]−1 = −
∫
d3r′
nxc[n](r, r′)
| r− r′ | . (2.39)
Within the quasi-loal expansion it is assumed that [Rxc[n](r)]−1 is a short-sighted funtional of
n(r). This means that the eetive reah at a ertain point in spae, r, depends on the eletron
densities at r and in the neighborhood of r, but not on the densities far away from r. In other words,
[Rxc[n](r)]−1 may be approximated by performing respetive Taylor expansions of the eletron
density at r and expressing [Rxc[n](r)]−1 as a funtion, fxc, of the aording expansion oeients:
[Rxc[n](r)]−1 = fxc
(
n(r′) |r′=r, ∂
∂r′i
n(r′) |r′=r, ∂
2
∂ri∂rj
n(r′) |r′=r, ...)
)
. (2.40)
Through ordering of these oeients and onsideration of the salar nature of both, XC hole and
eetive reah, one obtains the quasi-loal expansion of the XC funtional. Trunating after the
zeroth-order Taylor oeient for the harge density gives the loal density approximation (LDA)
[63, 69℄:
ExcLDA = E
xc
0 =
∫
d3r fxcLDA (n(r))n(r). (2.41)
LDA is the most simple and rudimentary approximation for the XC funtional. Nevertheless, it has
been shown in many studies that LDA performs surprisingly well in prediting the ground state
properties related to hemial bonds: Ionization energies, dissoiation energies of moleules and
ohesive energies of solids are predited with an error whih is usually 10-20 % and bond lengths
are even aurate within an error of ≈ 1% [67℄. For appliations in the eld of biologial physis,
however, the LDA funtional is not adequate, sine these systems demand a higher auray than
an be guaranteed by LDA. In partiular for the desription of hydrogen bonds the LDA funtional
is improper, as it strongly overestimates hydrogen bond strengths [70, 71℄. Therefore, we have to
drive the quasi-loal expansion to a higher order.
Trunating after rst order is alled generalized gradient approximation (GGA):
ExcGGA = E
xc
1 =
∫
d3r fxcGGA (n(r), | ∇n(r) |)n(r). (2.42)
Funtionals in whih the quasi-loal expansion inlude the seond order are alled meta-GGA's.
Aording to Ref. [72℄, however, meta-GGA's also ontain, in addition to the Laplaian of the
harge density ∇2n(r), orbital dependene information in the form of the kineti energy density
3
The average XC hole is the average over the physial XC holes, whih stem from an interpolation between the
physial Hamiltonian and the XC Hamiltonian, see e.g. Ref. [67℄.
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τ(r) = 12
∑occ
i |∇ϕi(r)|2 (whih stems from a fourth order expansion in the exhange):
ExcMGGA =
∫
d3r fxcMGGA
(
n(r), | ∇n(r) |,∇2n(r), τ(r))n(r). (2.43)
Both, GGA and meta-GGA, are not unique, but represent, due to the freedom in the parametrization
of fxc, a whole lass of funtionals. Eah of these two lasses an be (roughly) deomposed into two
sub-lasses, whih orrespond to two dierent (partially ontraditory) philosophies or avors of
DFT: on the one hand the so alled ab-initio funtionals and on the other hand the empirial
and semi-empirial funtionals.
The parameters of semi-empirial and empirial funtionals are determined from tting proedures
to either exat data available for simple systems like the rare gas atoms in the ase of semi-empirial
funtionals or even by tting to a large set of experimental hemial data in the ase of empirial
funtionals. Examples are the Beke-Lee-Yang-Parr (BLYP) funtional [73, 74℄, the empirial-
density-funtional-1 (EDF1) [75℄ and the empirial-density-funtional-2 (EDF2) [76℄ for GGA and
VSXC [77℄ for MGGA.
In ontrast, ab-initio funtionals are onstruted to satisfy a set of key properties of the exat
exhange-orrelation hole rather than to t moleular target data. Through this disengagement
from any spei system one attempts to obtain a maximum possible transferability/universality
of the XC funtionals. Examples of ab-initio funtionals are the Perdew-Wang 91 (PW91) [78, 79℄
and the Perdew-Burke-Ernzerho (PBE) [65℄ funtional for GGA and the PKZB [80℄ and the KCIS
[81℄ funtional for meta-GGA.
GGA/MGGA performane in prediting hemial bonding and hydrogen bonding
In general GGA and meta-GGA's ahieve, albeit if they are of the ab-initio or the empirial type, a
signiant improvement in the desription of moleular properties with respet to LDA: The error
for moleular atomization energies is typially three to ve times smaller [67, 82, 83℄, and also
energy barriers and strutural energy dierenes are improved [84, 85℄. Further, it is known that
GGA's predit too large bond lengths and too soft bonds, an eet that sometimes orrets and
sometimes over-orrets the LDA predition [65℄.
The desription of hydrogen bonding is also improved with respet to LDA by using GGA [70, 71℄
and meta-GGA (see Ref. [86℄ and referenes therein). However, the auray is still not perfet
and depends on the type of hydrogen bonds to be desribed, as will be disussed in more detail
further below. There exists also a onsiderably large dierene in the auray between the various
funtionals. For example, the BLYP funtional and the B3LYP hybrid funtional, both funtionals
of the semi-empirial type, are known to underestimate hydrogen bond strengths by 10%-50% [87℄.
The pure ab-initio GGA funtionals PW91 and PBE perform muh better with errors typially in
the range of 5%-20% [44, 87℄.
4
4
The perentages reported here might not solely be due to the funtionals, sine also the basis set is an issue for
the aurate estimation of hydrogen bond strengths. However, we remark that great are has been taken in the
two studies ited above to redue the basis set error.
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Choie for this projet: the PBE funtional
To perform our alulations on the peptide hain we have deided to not use a meta-GGA fun-
tional, sine they are omputationally too demanding for the purposes of this projet. Instead we
have implemented the Perdew-Burke-Ernzerhof (PBE) funtional [65℄ and employed it exlusively
throughout the entire projet. PBE is a widespread funtional of the pure ab-initio GGA-type:
All of its parameters have been obtained by tting to properties of the exhange-orrelation hole,
none by tting to experimental data. It is a derivate of the PW91 funtional [78, 79℄. Both, PW91
and PBE give very similar results and are similarly well performing in desribing hydrogen bonds
(as mentioned above), but PBE has a muh simpler funtional form. Indeed it has been designed
as a simpliation of the PW91 funtional: In ontrast to the PW91 funtional, whih is designed
to satisfy as many exat onditions as possible, PBE satises only those whih are energetially
signiant.
The expliit formulas for the PBE funtional are presented in the Appendix (Se. 6.2.1).
GGA performane in prediting van-der-Waals bonding
One of the main deienies of the standard DFT and thus also of the PBE funtional is that it
does not properly take into aount for van-der-Waals (vdW) interations. This beomes lear when
onsidering the quasi-loal form of the funtional on the one side (Eq. (2.41)) and the non-loal
harater of the vdW interation on the other side (Se. 1.4). In order to properly take into aount
the vdW interation, a XC funtional must be able to orrelate the eletron densities at two dierent
points r and r′ with eah other, where r and r′ an be separated by several Angstroms. This annot
be ahieved by any GGA funtionals. None of them is therefore suitable to deal with systems whih
are predominantly stabilized by van-der-Waals interations.
How aurately does DFT-GGA desribe the seondary struture?
The auray of DFT-GGA in desribing the seondary struture of proteins is still a matter of
debate in the literature. The question is onneted to another question, namely: How important are
van-der-Waals interations and other interations whih are not orretly treated within DFT-GGA,
for the stability of the seondary struture?
To answer this question, Wu&Yang have examined the DFT funtionals BLYP, B3LYP, PW91 and
BPW91 to study the stability of nite poly-L-alanine helies [88℄. They found that, ompared with
the α-helix, the 310-helix is spuriously favored in these peptides by the DFT funtionals ompared
to the (assumed) more aurate MP2
5
results. A similar preferene of the 310-helix was found
in an earlier work by Improta et al., in whih DFT-GGA alulations on an innite poly-glyine
hain were performed [89℄. Wu&Yang report that the employment of an empirial vdW orretion
improves the agreement of DFT-GGA with the MP2 alulations. They interpret these ndings
as an indiation for stronger vdW interations in the loser paked α-helix. These stronger vdW
interations favor, aording to their interpretation, the α-helix onformation in long-hain peptides.
These alulations were performed with a relatively small loalized basis set. However, it is known
5
Abbreviation for 2nd-order Möller-Plesset perturbation theory.
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Figure 2.1: Parameters for desribing the hydrogen bond geometry aording to Ref. [44℄.
that hydrogen bond energetis are strongly basis set dependent [87℄. It is interesting to note in
this ontext that a alulation on the orresponding system in a onverged plane wave basis reveals
that the poly-glyine α-helix is atually lower in energy than the 310-helix (Se. 1.5). It is thus
possible that the results and interpretations of Refs. [88, 89℄ might be biased by the basis set, in the
sense that the spurious over-stabilization of the 310-helix with respet to the α-helix, as has been
reported in these studies, is mainly an eet of the basis set rather than of a sizable ontribution
from vdW fores, whih are not properly treated within DFT-GGA, speially within DFT-PBE.
Consequently, the importane of van-der-Waals interations may be smaller than reported in these
studies.
The employment of a plane waves basis allows to ompletely rule out any error arising from
the basis set (as will be disussed more in detail in Chap. 3) and to separate the error whih is
solely due to the XC funtional. Reently, Ireta et al. have employed the plane waves approah to
investigate the error purely due to the XC funtional [44℄. They ompared hydrogen bond strengths
and geometry parameters for a set of representative hydrogen bonded dimers as alulated within
DFT-PBE, with those results of the most aurate MP2 and CC values reported in literature and
unovered an important orrelation between the auray of DFT for desribing hydrogen bonds and
the diretionality of the hydrogen bonds: They found that, the more the hydrogen bond geometry
deviates from linearity, the larger is the DFT error. More preisely, the error of DFT-PBE in
prediting hydrogen bond strengths is smaller than 1 kal/mol as long as the bending angle Θ
(Fig. 2.1) is smaller than 130◦, but an be as muh as 1.5 kal/mol for strongly bent hydrogen
bonds. This trend is assumed to be related to the fat that for highly bent hydrogen bonds the
permanent eletrostati interations, suh as harge-dipole and dipole-dipole interations, are less
prominent than in a linear onformation. This eet redues the total hb strength and makes the
van-der-Waals interation a more relevant ontribution [44℄.
The hydrogen bonds in the helial onformations of the peptide hains are, however, almost linear
[50℄, thus we expet the DFT-PBE error in prediting the hydrogen bond strengths in these systems
to be smaller than 1 kal/mol per peptide unit.
2.5 Free energy surfae
The density funtional theory allows to determine the eletroni ground state energy for a given
atomi onguration. In other words, it allows to determine the potential whih the atoms (ions) of
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the peptide hain experiene, i.e., the Born-Oppenheimer surfae. By means of a suitable geometry
optimization algorithm (Se. 3.3) it is, furthermore, possible to identify the equilibrium onforma-
tions of the peptide hain, whih orrespond to the loal minima of the Born-Oppenheimer surfae.
The potential energy at these loal minima may be used as basis for a stati stability analysis of
the peptide hain. Suh stati stability analysis has has been disussed in Se. 1.5.
The next ruial step is to analyze the dynamial properties of the peptide hain and to perform
the transition from a stati stability analysis to a thermodynami stability analysis, whih invokes
also distortions from the equilibrium strutures, i.e., to investigate the Born-Oppenheimer surfae
in the viinity of the loal minima. In the following we briey introdue the basi onepts of
thermodynamis and then apply these onepts to alulate the orresponding free energy surfae.
Based on the free energy surfae we will then derive expressions to dene the thermodynami phase
stability of the various onformations of the peptide hain.
2.5.1 Energy and entropy
We now onsider the ions of the peptide hain to be not at rest but rather undergoing vibrations and
movements. To model a realisti situation we onsider the system to be in thermal ontat with a
large heat reservoir of temperature T . Under these marosopi onditions the mirosopi state of
the system is not well dened, but is, due to the heat exhange with the reservoir, subjet to ertain
thermal utuations. Indeed the thermodynami state of the system is given by a whole ensemble
of mirosopi states {|n〉}, eah weighted with a ertain probability, given by its Boltzmann-fator:
Pn =
1
Z
exp(−βEn), (2.44)
where β = (kBT )
−1
is the reiproal temperature, kB is the Boltzmann onstant, En denotes the
energy of the state | n〉, and
Z =
∑
n
exp(−βEn) (2.45)
is alled the anonial partition funtion. The impat of pressure may be negleted for this projet,
sine we are rather interested on the stability at normal onditions (atmospheri pressure) than in
the high pressure regime. Thus we may set the pressure p = 0. The thermodynami state of the
system is then haraterized by its Helmholtz free energy:
F := −kBT lnZ = U − TS. (2.46)
The laws of thermodynamis state that the system is in thermal equilibrium when F is minimal:
F → min. (2.47)
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This implies that any spontaneous hange in the thermodynami state of the system is aompanied
by a redution of F , i.e.,
dF 6 0. (2.48)
All thermodynami equilibrium properties are onneted to that thermodynami state, whih fullls
Eq. (2.46). Further, all thermodynami equilibrium properties may be expressed through the
orresponding partition funtion Z. The partition funtion is the entral quantity, whih onnets
the quantum mehanial eigenspetrum En to the thermodynami (marosopi) state.
In Eq. (2.45), U denotes the internal energy and S denotes the entropy. The internal energy is
the thermodynami ensemble average of the total energy:
U = 〈En〉 =
∑
n
PnEn = kBT
2∂ lnZ
∂T
= −∂ lnZ
∂β
. (2.49)
The entropy represents the number of possible eigenstates of the motif ommensurable with its
thermodynami state:
S = −
∑
n
Pn lnPn = −
(
∂F
∂T
)
V,N
= kB
∂
∂T
(T lnZ) (2.50)
and it is thus a measure of the disorder in the mirosopi state. The broader the probability
distribution Pn is, the larger is the entropy.
2.5.2 Helial parameters as reation oordinates
To exatly determine the thermodynami state of the peptide hain, we would have to sample the
full phase spae orresponding to an innite number of degrees of freedom, whih is in pratie not
possible. Thus, to redue the dimensionality of the problem and to perform a physially meaningful
partitioning of the ongurational spae, we introdue a set of reation oordinates as external
onstraints to the thermodynami analysis. We hoose here the helial parameters L and Θ as
reation oordinates, sine these two parameters are most relevant for a haraterization of the
various onformations and the mehanial deformations of the peptide hain (Ses. 1.5 and 4.4).
In other words, we introdue the two helial parameters L and Θ as additional marosopi
thermodynami observables, suh that
F (T ) → F (T,L,Θ). (2.51)
The right hand side of expression (2.50) denotes the free energy surfae of the peptide hain spanned
by the helial parameters. By introduing the helial parameters as marosopi thermodynami
observables, we put a onstraint on them. This does not mean that the mirosopi parameters
Θi and Li orresponding to the individual peptide units are xed. Only the orresponding average
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values over the entire hain are xed  the mirosopi parameters may utuate about these
average values. In this terms F (T,L,Θ) is dened as the free energy of the part of the omplete
thermodynami ensemble ommensurable with the average values L and Θ at a given temperature:
F (T,L,Θ) = −kBT lnZ(T,L,Θ), (2.52)
where
Z(T,L,Θ) =
∑
n
exp {−βEn(L,Θ)} . (2.53)
In order to fulll Eq. (2.46) a neessary ondition is:
dF = 0. (2.54)
In terms of L and Θ, the total dierential of Eq. (2.53) may be written as:
dF =
∂F
∂L
dL+
∂F
∂Θ
dΘ = 0, (2.55)
and we obtain by a omparison of the oeients the two equations of state:
0 =
∂F
∂Θ
and 0 =
∂F
∂L
. (2.56)
In general, Eq. (2.55) does not uniquely dene the thermodynami state of the system, sine the
free energy surfae ontains several minima. We identify the ensembles orresponding to the various
minima of the free energy surfae with the possible thermodynami phases that the system may
adopt.
To determine, whether a phase A of the peptide hain is stable with respet to another phase
B, we alulate the Helmholtz free energy of formation per peptide unit of the phase A out of the
phase B:
∆F fA→B(T ) :=
F (T,LA,ΘA)
NA
− F (T,LB ,ΘB)
NB
. (2.57)
Here, LX and ΘX denote the minimum of the free energy surfae orresponding to the onformation
X and NX denotes the number of peptides. In thermodynami equilibrium the phase A is stable
with respet to a phase B, if ∆F fA→B is negative. The term stable does, however, not neessarily
imply that the whole peptide hain onsists of a single phase. In fat, at elevated temperatures
it is possible that several phases may oexist. This possibility has important onsequenes for the
thermodynami equilibrium of the peptide hain. We will disuss this issue in Se. 2.8. However,
before that, we will in the next two setions explain, how the free energy orresponding to the pure
phases is determined.
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In order to determine the free energy of the thermodynami phase orresponding to a given onfor-
mation X of the peptide hain, we have to alulate the partition funtion Z(T,LX ,ΘX) determined
in Eq. (2.52). In this setion we derive this quantity by applying the harmoni approximation (Ses.
2.6.2-2.6.5). After that we evaluate orretions to the harmoni approximation: At rst by means of
the quasi-harmoni approximation, whih allows already to aount for some basi anharmoni ef-
fets, suh as the thermal expansion (Se. 2.6.6). Then by means of the thermodynami integration
method, whih allows to fully take into aount the omplete anharmoniity (Se. 2.7).
6
2.6.1 Partition funtion of a thermodynami phase
The partition funtion of the thermodynami phase orresponding to a onformation X of the
peptide hain is determined by the energy eigenspetrum En(LX ,ΘX). If we apply the Born-
Oppenheimer approximation and if the system is always in its eletroni groundstate (both these
approximations are well justied, as has been disussed in Se. 2.3) the eigenspetrum of the peptide
hain is onned to the vibrational levels orresponding to the eletroni ground state:
En(LX ,ΘX) = E
el
g (LX ,ΘX) + E
ion
gµ (LX ,ΘX) n→ gµ, µ = 1 . . .∞. (2.58)
Here, g denotes the eletroni ground state; for onveniene we will suppress this index in the
following. The quantum number µ labels the vibrational eigenstates of the peptide hain. Using
the above expression we obtain for the partition funtion:
Z(T,LX ,ΘX) =
∑
µ
exp
{
−β
(
Eel(LX ,ΘX) + E
ion
µ (LX ,ΘX)
)}
(2.59)
= exp
{
−βEel(LX ,ΘX)
}∑
µ
exp
{−βEionµ (LX ,ΘX)} (2.60)
= Zel(LX ,ΘX)Z
vib(T,LX ,ΘX). (2.61)
The partition funtion thus fatorizes into the eletroni partition funtion Zel(LX ,ΘX) and the
vibrational partition funtion Zvib(T,LX ,ΘX). Substituting Eq. (2.60) into Eq. (2.45) reveals the
orresponding separation of the free energy:
F (T,LX ,ΘX) = −kBT ln
(
Zel(T,LX ,ΘX)Z
vib(T,LX ,ΘX)
)
(2.62)
= Eel(LX ,ΘX) + F
vib(T,LX ,ΘX), (2.63)
where F vib(T,LX ,ΘX) denotes the free energy orresponding to the vibrational degrees of freedom.
Sine the peptide hain remains in its eletroni groundstate (Se. 2.3), the eletroni entropy is
6
We remark, however, that the thermodynami integration avoids a diret evaluation of the partition funtion, as
will be disussed in Se. 2.7.
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zero and the eletroni free energy is temperature independent:
F el(T,LX ,ΘX) = E
el(LX ,ΘX). (2.64)
In the following, we will desribe, how the temperature dependene, i.e., the vibrational part of the
free energy an be obtained.
2.6.2 Harmoni approximation
In the harmoni approximation the ions are assumed to perform small osillations around their
stati equilibrium positions. Hene, they experiene a stritly harmoni potential, like a perfet
mathematial pendulum. To derive the harmoni approximation, we introdue mass-weighted,
relative oordinates Y with:
Yi = (Xi −X0i)/
√
Mi, (2.65)
where the X0i are the equilibrium oordinates of the peptide hain orresponding to the helial
equilibrium parameters L0X and Θ
0
X , and the Mi are the ioni masses. We then write the Born-
Oppenheimer surfae, whih is the potential of the ioni Hamiltonian (Eq. (2.13)), as a Taylor
expansion:
Eel(Y) = Eel(L0X ,Θ
0
X)
+
∑
i
∂
∂Yi
Eel
∣∣∣∣
L0X ,Θ
0
X
Yi (≡ 0)
+
1
2
∑
i,j
∂2
∂Yi∂Yj
Eel
∣∣∣∣
L0X ,Θ
0
X
YiYj (2.66)
+ ....
Breaking this expansion after the third, i.e., the harmoni, term yields
Eel(Y ) ≈ Eel(L0X ,Θ0X) +
1
2
∑
i,j
∂2
∂Yi∂Yj
Eel
∣∣∣∣
L0X ,Θ
0
X
YiYj. (2.67)
Substituting this into Eq. (2.13) yields
7
H ion ≈ Eel(L0X ,Θ0X) +Hvib. (2.68)
Here Eel(L0X ,Θ
0
X) is a onstant value, whih shifts the eigenvalues of the ioni Hamiltonian, but
does not expliitly enter the solution of the ioni SE. It orresponds to the (free) energy of the
eletroni system (Eq. (2.63)) , or, in other words, denotes the stati ontributions to the free
energy (Eq. (1.1)). Hvib is the vibrational Hamiltonian in harmoni approximation and is given by:
Hvib =
1
2
Y˙TY˙ + Uharm. (2.69)
7
For onveniene the expliit dependene of Hvib and H ion on LX and ΘX will be suppressed in the following.
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Here Uharm is the harmoni potential
Uharm =
1
2
YT ·D ·Y, (2.70)
D is the dynamial matrix
D =
∂2Eel
∂Yi∂Yj
∣∣∣∣
L0X ,Θ
0
X
, (2.71)
and Y˙ ontains the ioni momenta.
Eq. (2.68) desribes oupled harmoni osillations of the 3N ion ioni degrees of freedom. To
deouple these osillations and to solve the ioni SE, we have to diagonalize the dynamial matrix
by solving the eigenvalue equation:
D · L = Λ · L Λij = ω2i δij . (2.72)
Here, the ω2i are the eigenvalues of D, where ωi are the eigenfrequenies, and L is a (3N
ion ×
3N ion)-dimensional matrix ontaining the eigenvetors of D as olumns. Applying the unitary
transformation L−1 = L⊤ on oordinates and momenta leads to so alled normal oordinates Q:
Q = L−1 ·Y (2.73)
with the onjugated momenta:
Pq = L
−1 · Y˙. (2.74)
In terms of these new oordinates, the vibrational Hamiltonian is:
Hvib =
1
2
PTq ·Pq +
1
2
QT ·Λ ·Q (2.75)
and may, sine Λ is a diagonal matrix, be understood as a sum of 3N deoupled, independent
Hamiltonians:
Hvib =
3N ion∑
i=1
Hvibi , (2.76)
where
Hvibi =
1
2
(
∂
∂qi
)2
+
1
2
ω2i q
2
i , (2.77)
Eah of these 3N ion Eqs. (2.76) an be solved independently from the others, with the well known
harmoni osillator approah:
Hvibi φ
vib
ij = E
vib
ij φ
vib
ij , (2.78)
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where the eigenvalues are given by
8
:
Evibij = ωi(j +
1
2
) j = 0 . . .∞. (2.81)
2.6.3 Bloh formalism
To solve the equations of motion we do not diretly diagonalize that dynamial matrix as denoted in
Eq. (2.70), sine this is impratiable with respet to the innite number of ioni degrees of freedom
of the peptide hain (Se. 2.1). Instead, we employ the fat that the peptide hain is a periodi
repetition of idential peptide units and apply Bloh's theorem to map the dynamial matrix from
the real spae to the reiproal spae, as will be shown below. Then we obtain the orresponding
symmetry redued, phase dependent dynamial matrixD(ϕ), whih is of nite dimensions (3NAPP×
3NAPP), where NAPP denotes the number of atoms per peptide unit. Before performing this
mapping we have to transform the ioni Hamiltonian from the Cartesian oordinate system to a set
of suitable helix symmetry oordinates. We hoose ylindrial oordinates as our helix symmetry
oordinates and rewrite the vibrational Hamiltonian:
Hvib =
1
2
PcT ·Pc + 1
2
YcT ·Fc ·Yc , (2.82)
where
Y = {..., (xI , yI , zI) , ...} → Yc = {..., (rI ,ΘI , zI) , ...} , (2.83)
P =
{
...,
(
∂
∂xI
,
∂
∂yI
,
∂
∂zI
)
, ...
}
→ Pc =
{
...,
(
∂
∂rI
, rI
∂
∂ΘI
,
∂
∂zI
)
, ...
}
, (2.84)
and Fc is the mass-weighted fore onstant matrix in ylindrial oordinates
FcIJ =

∂2E
∂rI∂rJ
∂2E
∂ΘI∂rJ
∂2E
∂zI∂rJ
∂2E
∂rI∂ΘJ
∂2E
∂ΘI∂ΘJ
∂2E
∂zI∂ΘJ
∂2E
∂rI∂zJ
∂2E
∂ΘI∂zJ
∂2E
∂zI∂zJ
 . (2.85)
Eq. (2.81) an, like Eq. (2.71), be solved by diagonalizing the dynamial matrix in ylindrial
oordinates:
Dc = GcFcGc , (2.86)
8
The orresponding eigenfuntions are given by:
φvibj (yi) =
“ωi
pi
”1/4 1√
n!2n
exp
„
−1
2
ξ2i
«
Hj(ξi), (2.79)
where ξj =
√
ωjyj and the Hj are the Hermite Polynomials:
Hj(ξi) = (−1)æ exp(ξ2i ) d
n
dξn
exp(−ξ2i ). (2.80)
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where Gc is a diagonal matrix9 with
GcIJ = δIJ
 1 0 00 rI 0
0 0 1
 , (2.87)
and the eigenvalue equation 2.71 an be rewritten:
DcLc = ΛLc. (2.88)
The matrix Dc exhibits, in ontrast to D, a translational symmetry with respet to the srew
symmetry operation (Eq. (2.1)) and an be written in the following form:
Dc =

Dc(0) Dc(1) Dc(2) · · ·
Dc(−1) Dc(0)
Dc(−2) Dc(0)
.
.
.
.
.
.
 , (2.89)
where Dc(n) are (3NAPP × 3NAPP)-dimensional matries and orrespond to the interation of a
given peptide unit with its nth nearest neighbor:
Dcij(n) = D
c
i,n·3NAPP+j . (2.90)
As an ansatz to solve Eq. (2.87), we onsider the eigenvetors of Dc as Bloh-funtions:
lci (m) = exp (iϕ(m− n)) lci (n). (2.91)
Here, lci (n) and l
c
i (m) are 3∗NAPP-dimensional vetors and determine the vibrational amplitude of
the peptide units with indies n and m, respetively. Eq. (2.90) states that, for a given eigenvetor
with index i, the vibrational amplitudes of the individual peptide units are diering only by a phase
fator. The latter is determined by the produt of the phase dierene in between adjaent peptide
units, ϕ, and the in-hain distane m− n. Substituting this ansatz into Eq. (2.87) gives:
∑
n
Dc(n−m) exp (−iϕ(n −m))Lc(m) = Λ(m)Lc(m) ∀m,ϕ. (2.92)
These expressions are independent of the value of m. We may therefore set m = 0 and suppress
this index in the following. We further introdue the symmetry redued dynamial matrix Dc(ϕ):
Dc(ϕ) =
∑
n
Dc(n) exp(−iϕn) ∀ϕ, (2.93)
9
G
c
performs the transformation of the angular part of the variation in the ylindrial oordinate dφI to a metri
length rIdφI by resaling it with the radial part rI .
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and obtain for the eigenvalue equation:
Dc(ϕ)Lc(ϕ) = Λ(ϕ)Lc(ϕ) ∀ϕ, (2.94)
or equivalently, by breaking down to the individual eigenvetors lci (ϕ), i.e., the i
th
olumns of the
matrix Lc(ϕ):
Dc(ϕ)lci (ϕ) = ω
2
i (ϕ)l
c
i (ϕ) ∀ϕ, i = 1, ..., 3NAPP. (2.95)
Eqs. (2.93) and (2.94) denote the seular equations for the symmetry redued dynamial matrix.
They satisfy the Eq. (2.71) if and only if they are fullled for any phase angle ϕ. Thus, to determine
the omplete eigenspetrum of the peptide hain, we have to diagonalize the matrix Dc(ϕ) for all
possible phase angles ϕ. It is important to note that, just asDc(ϕ), the eigenvetors and eigenvalues
are also funtions of ϕ, whih has been aounted for in Eq. (2.93).
2.6.4 Phonon dispersion relation
Following Eq. (2.94), the vibrational frequenies of the peptide hain are arranged in 3NAPP
vibrational branhes ωi(ϕ), whih are ontinuous funtions of the phase angle ϕ and labeled with
i. This depition of the vibrational eigenfrequenies of a periodi system is referred to as phonon
dispersion relation. The term phonon stems from solid state theory and designates the harmoni
eigenvibrations of a rystalline system. The phonons of a 3-dimensional rystal are understood
as quantum mehanial quasi-partiles, with energies E = ~ωi(k) and quasi-momentum p =~k.
Thus, the phonon dispersion relation of a 3-dimensional rystal desribes the relation between the
quasi-momentum and the energy of the individual phonon with branh index i and wavevetor k.
This quasi-partile piture is also transferable to the helix. It is, however, interesting to note that
the phase-angle ϕ plays here a slightly dierent role than the wavevetor k plays in 3-dimensional
rystals. This dierene an be understood when onsidering the group veloity v. While the group
veloity in rystals,
vi(k) =
∂ωi
∂k
, (2.96)
an be diretly related to the phonon veloity along the diretion given by k, the orresponding
expression for the peptide hain,
vi(ϕ) =
∂ωi
∂ϕ
, (2.97)
denotes the number of peptides passed by the phonon per time unit and does not orrespond to a
veloity in the physial sense. Nevertheless, the projetion vgi (ϕ) on the strutural parameters of
the peptide hain, i.e., the helix pith L and the helix twist Θ are related to physial veloities.
Thus, the phonons in the peptide hain are quasi-partiles traveling with the veloity
vzi = L
∂ωi
∂ϕ
(2.98)
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Figure 2.2: Sketh of a phonon dispersion relation of a helix haraterised by a twist angle Θ: Shown
are the aoustial branhes (solid lines) and the optial branhes (dashed lines).
along the helix axis and the angular veloity
vΘi = Θ
∂ωi
∂ϕ
(2.99)
around the helix axis.
The phonon dispersion relation of the peptide hain is symmetri with respet to a full period of
the phase angle ϕ:
ωi(ϕ) = ωi(ϕ+ 360
◦), (2.100)
sine Dc(ϕ) = Dc(ϕ+ 360◦) (Eq. (2.92)) and from the time inversion invariane it follows that:
ωi(ϕ) = ωi(−ϕ). (2.101)
Thus, it is suient to display the phonon dispersion relation in the rst half of the rst Brillouin
zone, i.e., for 0 ≤ ϕ ≤ 180◦.
Aoustial and optial branhes
A shemati illustration of the phonon dispersion relation is shown in Fig. 2.2. The two lowest
branhes of the helix are zero at the Γ-point (ϕ = 0). These two branhes are alled aoustial
branhes, whereas the remaining 3NAPP − 2 branhes are alled optial branhes (where NAPP
denotes the number of atoms per peptide unit). Phonons from the long-wavelength-limit ϕ → 0 of
the aoustial branhes are alled aoustial, beause they perform a mehanial deformation of the
helix and may thus be exited by external sound waves. Phonons of the optial branhes are alled
optial, sine they deform the internal struture of the peptide units and ouple to their dipole
moments and polarizabilities, and hene may interat with eletromagneti waves (light).
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Geometrial sum rules
There are four degrees of freedom of the innite helix, i.e., the three translational degrees of freedom
and the rotation around the helix axis, for whih the orresponding vibrational frequeny must be
zero. Two of these degrees of freedom, the translation along and the rotation around the helix, fore
the two aoustial branhes to be zero at the Γ-point:
Dc(ϕ = 0)lc1(ϕ = 0) = 0 and D
c(ϕ = 0)lc2(ϕ = 0) = 0, (2.102)
where
lc1(ϕ = 0) = (0, 1, 0, 0, 1, 0, . . . , 0, 1, 0) (2.103)
and
lc2(ϕ = 0) = (0, 0, 1, 0, 0, 1, . . . , 0, 0, 1) . (2.104)
The remaining two orrespond to the translations in the plane perpendiular to the helix axis and
fore the rst aoustial branh to be zero at ϕ = −Θ and ϕ = +Θ:
Dc(ϕ = Θ)lc1(ϕ = Θ) = 0 and D
c(ϕ = −Θ)lc1(ϕ = −Θ) = 0, (2.105)
where
lc1(ϕ = ±Θ) = (0, 1, 0, 0, 1, 0, . . . , 0, 1, 0) . (2.106)
Eqs. (2.101) and (2.104) we denote as the geometrial sum rules of the peptide hain.
2.6.5 Thermodynami properties
With the knowledge of the phonon dispersion relation we determine the partition funtion and
with it the thermodynami properties (in the harmoni approximation). To dedue an appropriate
expression for the partition funtion, we onsider the 3N ion deoupled osillators whih reveal the
vibrational spetrum of the helix. As a onsequene of the deoupling of these osillators (Se. 2.6.2)
the partition funtion is written as the produt sum of the partition funtion of eah individual
osillator:
Zvib =
3N ion∏
i=1
Zvibi , (2.107)
where the individual partition funtions are, aording to Eq. (2.80), given (save a meaningless
pre-fator) by:
Zvibi =
∑
j
exp(−βjωi). (2.108)
These expressions may be simplied by applying a sum rule:
Zvibi = (1− exp(−βωi))−1 , (2.109)
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and the partition funtion of the system may be written as:
Z =
3N∏
i=1
(1− exp(−βωi))−1 . (2.110)
Hene, the free energy of the system is:
F˜ vib = −kBT lnZvib
=
3N ion∑
i=1
(
~ωi
2
+
1
β
ln (1− exp(−β~ωi))
)
(2.111)
the entropy of the system is:
S˜vib =
∂
∂T
(
T lnZvib
)
=
3N ion∑
i=1
(
1
T
~ωi
exp(β~ωi)− 1 − kB ln (1− exp(−β~ωi))
)
(2.112)
and the internal energy of the system is:
U˜vib = −∂ lnZ
vib
∂β
=
3N ion∑
i=1
(
~ωi
2
+
~ωi
exp [β~ωi]− 1
)
. (2.113)
The summations in the equations above run over the innite number of degrees of freedom of the
system. Next we want to express the thermodynami properties per irreduible unit of the struture,
i.e., per peptide unit:
F vib =
1
NP
F˜ vib, Svib =
1
NP
S˜vib, Uvib =
1
NP
U˜vib, (2.114)
where NP denotes the number of peptide units of the hain. The innite summation in these
equations an be replaed by an integration over the BZ:
3N ion∑
i=1
→ 1
π
3NAPP∑
i=1
∫ +180◦
−180◦
dϕ. (2.115)
Thus, for the vibrational entropy, vibrational energy and vibrational free energy we have, respe-
tively:
Svib =
1
NPπ
3NAPP∑
i=1
∫ +180◦
−180◦
dϕ
(
1
T
~ωi(ϕ)
exp (β~ωi(ϕ)) − 1 − kB ln (1− exp (−β~ωi(ϕ)))
)
(2.116)
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Uvib =
1
NPπ
3NAPP∑
i=1
∫ +180◦
−180◦
dϕ
(
~ωi(ϕ)
exp (β~ωi(ϕ)) − 1
)
, (2.117)
and
F vib =
1
NPπ
3NAPP∑
i=1
∫ +180◦
−180◦
dϕ
(
~ωi(ϕ)
2
+
1
β
ln (1− exp [−β~ωi(ϕ)])
)
. (2.118)
2.6.6 Quasi-harmoni approximation and Grüneisen parameters
The harmoni approximation is stritly valid only for small displaements of the atoms from their
stati equilibrium positions. A rst step to eetively inlude anharmoni orretions in the sta-
tistial averages is to onsider the dependene of the harmoni vibrations on the marosopi state
variables. In omplete analogy to the formulation developed for 3D rystals (e.g. [90℄) we write for
the peptide hain:
ωi = ωi(T,L(T ),Θ(T )). (2.119)
For suiently low temperatures one an assume that the frequenies do not depend on temperature
expliitly, but only impliitly via the helial parameters:
ωi ≈ ωi(L(T ),Θ(T )). (2.120)
Eq. (2.118) denotes the quasi-harmoni approximation
10
. It allows us to study the softenings and
hardenings in the vibrational spetrum of the peptide hains upon mehanial deformations along
the most relevant reation oordinates, i.e., the helial parameters Θ and L. Furthermore, we may
determine orresponding orretions to the free energy. Substitution of Eq. (2.118) into Eq. (2.45)
reveals:
F (T,L,Θ) = Eel(L,Θ) + F vib(L,Θ)
= Eel(L,Θ) +
+
1
NP
∑
i
∫ +180◦
−180◦
dϕ
(
~ωi(ϕ,L,Θ)
2
+
1
β
ln (1− exp [−β~ωi(ϕ,L,Θ)])
)
(2.121)
We now write the funtional dependene in Eq. (2.118) as a Taylor-expansion:
ωi(L,Θ) = ωi(L0,Θ0)+
(
∆L ∆Θ
)( ∂ωi
∂L
∂ωi
∂Θ
)
L0,Θ0
+
(
∆L ∆Θ
)( ∂2ωi
∂L2
∂2ωi
∂Θ∂L
∂2ωi
∂Θ∂L
∂2ωi
∂Θ2
)(
∆L
∆Θ
)
+....,
(2.122)
10
Note that we here address the dependene of the frequenies within the basin of the (Θ, L)-free-energy-surfae
orresponding to one given onformation, rather than the fat that dierent onformations of the peptide hain
exhibit dierent vibrational spetra.
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where ∆L = L − L0 and ∆Θ = Θ − Θ0. Considering the Taylor-expansion up to the linear term
results in an approximation that is known as Grüneisen approximation [91℄ :
ωi(L,Θ) ≈ ωi(L0,Θ0) + ∆L∂ωi
∂L
+∆Θ
∂ωi
∂Θ
. (2.123)
Substituting Eq. (2.121) into Eq. (2.55) reveals the two Grüneisen-Mie-equations-of-state [92℄ for
the peptide hain:
0 = −∂E
∂a
+
1
a
1
NP
3NAPP∑
i=1
∫ +180◦
−180◦
dϕγai (ϕ)
(
ωi(ϕ)
exp (βωi(ϕ))− 1
)
(2.124)
where a an be either L or Θ and the γi(ϕ) denote the Grüneisen parameters, and are dened as:
γai (ϕ) = −
∂ωi(ϕ)
∂a
a
ωi(ϕ)
. (2.125)
In passing from the harmoni to the quasi-harmoni approximation, the equilibrium helial param-
eters of the peptide hain are no longer xed quantities with respet to temperature. In fat, the
peptide hain undergoes a thermal expansion, whih is dened as:
αa =
1
a
∂a
∂T
∣∣∣∣ p=0. (2.126)
In order to evaluate the thermal expansion, the equation of state has to be solved iteratively.
2.7 Thermodynami integration
The quasi-harmoni approximation is valid as long as the vibrations of the peptide hain experiene
a harmoni potential for given helial parameters L and Θ. Raising the temperature, however,
makes the vibrational modes exploring more extended regions of the phase spae and exhibiting
larger displaements from the equilibrium onformation. In partiular, for the soft, low frequeny
modes of the peptide hain we therefore expet signiant anharmoni ontributions whih may
lead to signiant deviations from the free energy alulated within the quasi-harmoni approah.
To aount for these deviations, a more powerful and general approah is required. A tehnique
whih basially allows to take into aount the full anharmoniity is the thermodynami integration.
In the following the basi ideas behind this method are introdued, whereas its implementation is
disussed in Se. 3.5.
2.7.1 Conept of thermodynami integration
When extending the study to anharmoni eets, a diret evaluation of the partition funtion 
as is the basis for the harmoni thermodynami study  is not possible anymore, sine a general
analytial expression for the partition funtion does not exist, and a diret numeri evaluation would
be omputationally too demanding.
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Thermodynami integration is a onept that allows to determine the free energy F tgt of a ther-
modynami state of interest (target state), by eluding a diret numeri evaluation of its partition
funtion. Instead the target state is linked to a referene state with known free energy F ref and
only the dierenes to the referene state are addressed. A basi prerequisite for the appliability of
this onept is that a thermodynami path exists that links the target state to the referene state,
suh that we may write:
F ref =: F (λ = 0) −→ F (λ) −→ F (λ = 1) := F tgt. (2.127)
reference state integration path target state
Here, λ is a thermodynami variable (oupling parameter) that parametrizes the thermodynami
integration path and F (λ) is the free energy of the intermediate states along the path. A further
prerequisite is that the thermodynami path must be reversible. This means that the thermody-
nami states visited on the forward and bakward path in going from F tgt to F ref are idential
along the λ-oordinate.
If these prerequisites are mathed, the free energy of the target state may be alulated by the
following integration:
F tgt = F ref +
∫ λ=1
λ=0
dλ
(
∂F (λ)
∂λ
)
N,V,T
. (2.128)
The basi strategy behind thermodynami integration is to employ prior knowledge about the
system, and to dene the referene system to mimi the target system as lose as possible. If we
suessfully onstrut suh a referene state, the thermodynami integration will be eetive, i.e.,
we may determine the anharmoni free energy of the system with a low omputational eort. At
this point of the analysis we already have determined the dynamial matrix and thus have the
omplete knowledge about the system in the harmoni approximation (Se. 2.6.2). The idea (e.g.
[93℄) is thus to identify the referene potential with the harmoni potential Uharm = YTDY (Eq.
(2.69)). As the thermodynami integration path (Eq. (2.125)) we hoose a linear interpolation
between referene and target potential:
U(λ) = (1− λ)Uharm + λUDFT. (2.129)
It an be shown (e.g. [94℄) that the integrand in the Eq. (2.126) an be replaed by the anonial
ensemble average of the potential energy U(λ):(
∂F (λ)
∂λ
)
N,V,T
=
〈
∂U(λ)
∂λ
〉
λ
. (2.130)
The quantity
〈
∂U(λ)
∂λ
〉
λ
orresponds to an ensemble average whih is evaluated from the trajetory
orresponding to a proper anonial sampling of the potential U(λ), as will be disussed in Se.
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3.5
11
.
Substituting Eq. (2.127) into Eq. (2.128) makes the advantages of the thermodynami approah
partiularly lear: (
∂F (λ)
∂λ
)
N,V,T
=
〈
∂U(λ)
∂λ
〉
λ
=
〈
UDFT − Uharm
〉
λ
(2.131)
The thermodynami integration method thus us to determine the anharmoni free energy as a
orretion to the harmoni free energy. For a given λ value we only have to determine (statistially
onverge) the dierene to the harmoni approximation, i.e., the expliit anharmoniity. This is
obviously muh more eetive than diretly evaluating the anharmoni free energy, inluding both
harmoni and anharmoni ontributions.
2.8 Phase oexistene
In the previous setions we have desribed, how the free energy of a thermodynami phase orre-
sponding to a given onformation X of the peptide hain may be determined. However, at nite
temperatures the thermodynami state of the peptide hain does not neessarily onsist of a single
phase. In fat, it is possible that several thermodynami phases may oexist. This possibility has
important onsequenes for the thermodynami equilibrium of the peptide hain: Phases with a low
energeti ost to form an interfae between eah other may oexist in a solution (liquid), induing
a high degree of disorder in the hain. In ontrast, phases with a high interfae energy tend to
form ordered bulk-like (solid) states, i.e, the are omposed of a single phase. The higher degree of
disorder in the solution-like states is reeted in a gain of ongurational entropy, whih stabilizes
them with respet to the bulk-like states at inreasing temperatures.
A likely andidate for a solution-like state is the unfolded state of the peptide hain, sine it is
mainly stabilized by short-ranged, nearest-neighbor peptide-peptide interations and thus adjaent
peptide units in the hain may adopt their individual onformations independently from eah other.
In ontrast, the helial onformations are more bulk-like in this sense, sine they are stabilized
by spei long-ranged hydrogen bonding patterns, whih require a proper alignment of a ertain
number of onseutive peptide units in one and the same helial onformation.
As already mentioned, this projet is mainly dediated to the free energy of the pure bulk phases,
whih implies the aurate determination of the vibrational entropy of the strutural onformation,
whih haraterize the respetive phases. The exat inlusion of interfae energies and ongura-
tional entropy is beyond the sope of this thesis. Nevertheless, to approximately aount for the
dierenes in the onformational segregation harateristis between unfolded and helial states, we
introdue some basi approximations below. These approximations may help us later to estimate
the stability of the helix against unfolding at a given temperature.
11
The integration in Eq. (2.126) is disretized, i.e.,
D
∂U(λ)
∂λ
E
λ
is evaluated for a nite set of varying λ's, and the
integral is alulated with an eient integration sheme (as will be also disussed in Se. 3.5).
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2.8.1 Chemial potential
To treat the hemial equilibrium between the thermodynami phases, i.e., a oexistene of phases,
we introdue the hemial potential:
µX(T,NX) =
∂F (T,LX ,ΘX)
∂NX
. (2.132)
Here, X indiates one of the phases and NX is the number of peptide units orresponding to this
phase. The phase A is in hemial equilibrium with another phase B if:
µA(T,NA) = µB(T,NB). (2.133)
We dene now the bulk hemial potential to be the free energy FX per peptide unit of the system
in the pure phase X:
µbulkX (T ) :=
FX(T,LX ,ΘX)
NX
. (2.134)
Further, we neglet, in a rst step, any eets at the interfae of the two phases A and B in the
mixture state. For this ideal solution one an show that:
µX(T,NX) = µ
bulk
X (T ) + kBT ln
NX
N
. (2.135)
Inserting Eq. (2.133) into Eq. (2.131) gives the following rate equation:
NA
NB
(T ) = exp
(
−β
(
µbulkA (T )− µbulkB (T )
))
. (2.136)
We remark that the right hand side of Eq. (2.134) is determined just by the free energy of formation
(Eq. (2.56)) of the phase A out of the phase B:
µbulkA (T )− µbulkB (T ) = ∆F fA→B(T ). (2.137)
In other words, provided that the states A and B may form an ideal solution, ∆F fA→B determines
the relative number of peptide units (onentration) of the hain whih an be found in phase A
with respet to the number of peptide units whih an be found in phase B via Eq. (2.134).
2.8.2 Flory's hypothesis
It is onvenient and also widely aepted to separate the ongurational spae of the peptide hain
into two domains, whih we all the helial/folded domain and the non-helial/unfolded domain. The
helial domain is dened here as the ongurational spae oupied by the three basins orresponding
to the helial onformations and the unfolded domain as the remaining ongurational spae (Fig.
1.5). This denition of the two domains is arbitrary, nevertheless it orresponds to the ommon
understanding of the folded, helial state on the one hand and of the unfolded state on the other
hand. Furthermore, it is justied by the fat that hanging between the two domains requires to
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ross a omparatively huge energy barrier and hene the two domains are topographially well
separated (Fig. 1.5).
We now introdue two assumptions. The rst assumption addresses the unfolded state and is
ommonly referred to as the Flory's hypothesis:
• In the unfolded state eah pair of peptide units may adopt its onformation independently of
the adjoining pairs of peptide units [95℄.
This assumption implies that we may treat the unfolded state as an ideal solution of the non-helial
bulk phases of the peptide hain. Following Eq. (2.134) we may thus write for the hemial potential
of the unfolded state:
µunfolded ≈ µbulkA − kBT ln
(
Nunfolded
NA
)
= µbulkA − kBT ln
1 + non−helical∑
X 6=A
NX
NA

= µbulkA − kBT ln
1 + non−helical∑
X 6=A
exp(−β∆F fA→X)

= µbulkA − kBT lnRconf , (2.138)
where
Rconf = 1 +
non−helical∑
X 6=A
exp(−β∆F fA→X). (2.139)
Here, A orresponds to either one of the various phases {X} whih may our in the unfolded
state. For onveniene we will dene it in the following as the phase with the lowest bulk hemial
potential. The term −T lnRconf denotes the additional stabilization of the unfolded state, due to
the fat that bulk phases other than A ontribute to it. In the speial ase, in whih all the phases
ontributing to the unfolded state have the same free energy, it would simplify to a pure entropy
term, the so alled ongurational entropy. Then Rconf = Sconf = ln s, where s denotes the number
of phases whih may our in the unfolded state.
Our seond assumption is:
• The helial phases are, in ontrast to the unfolded onformations, not able to form interfaes
at all.
This implies that the hain an be either ompletely unfolded or ompletely helial and that the
helial state is exlusively assembled from the phase orresponding to the lowest bulk free energy:
µhelix ≈ min
X is helix
µbulkX . (2.140)
49
2 Theoretial onepts
Using these two approximations we may estimate the stability of the helial state against unfolding:
∆F fhelix→unfolded ≈ µhelix − µunfolded, (2.141)
where µunfolded and µhelix are dened in Eqs. (2.136) and (2.138), respetively.
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The purpose of this hapter is to explain the implementation of the theoretial onepts, whih have
been introdued in the previous hapter. All implementations for this projet have been undertaken
with the S/PHI/nX pakage. S/PHI/nX is an ab-initio based multi-sale library written in C++.
For more details about S/PHI/nX hek the webpage www.sxlib.de.
The hapter starts with an introdution to the standard methodology of the plane waves pseudo-
potential approah (Se. 3.1), whih is employed in this study to determine the eletroni ground-
state properties of the peptide hain.
We remark, however, that the numerial auray of the interatomi fores as provided by the
standard methodology is insuient to aomplish an adequate desription of the low frequeny
vibrations of the peptide hain, whih have a fundamental meaning for the thermodynami stability.
Therefore, in order to ahieve the high numerial auray required for fores, vibrational frequenies
and thermodynami data, several extensions to the standard methodology have been implemented
into the S/PHI/nX ode. In partiular, the elimination (smoothing) of the exhange-orrelation
wiggles (whih have been identied as the main soure of numerial errors) and the renement
tehniques for the alulation of the dynamial matrix were major implementations to ahieve an
aurate determination of the vibrational spetra and free energies (Se. 3.4).
Furthermore, the implementation of the anharmoni orretions to the free energy is explained
(Se. 3.5). Partiularly, we desribe the implementation of the Langevin stohasti equations of
motion and we explain the neessary pratial steps to determine the anharmoni orretions.
We remark that this hapter provides an extensive doumentation of the implementational as-
pets, whih may be used as a referene guide. However, it is not required for the understanding of
the results hapter and may therefore be skipped by a reader, who is exlusively interested in the
physial aspets of the study.
3.1 Periodi boundary onditions
To investigate the vibrational and thermodynami properties of the system, we rst have to de-
termine its eletroni ground state for a given atomi onguration. The latter is ahieved by
solving the Kohn-Sham equations (KSE) (Eq. (2.24)). Solving diretly the KSE for our system
is impossible, sine the Kohn-Sham Hamiltonian for an innite peptide hain (Eq. (2.1)) ontains
the interation of an innite number of partiles. However, suh innite number of partiles an be
redued to a nite number by exploiting the symmetry of the peptide hain.
In priniple, the Kohn-Sham Hamiltonian for this partiular system exhibits a srew symmetry
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Figure 3.1: Shemati view of the α-helix, as modeled in an orthorhombi superell: a) Side-view
on the helix. b) Top-view on the 3-dimensional, artiial rystal of helies, whih is
imposed by the periodi boundary onditions.
aording to Eq. (2.1):
HKS(r+Tn) = H
KS(r). (3.1)
Therefore, if the Kohn-Sham Hamiltonian is desribed in a proper set of helix symmetry oordi-
nates (for example ylindrial oordinates), its eletroni eigenstates an, in lose analogy to the
eigenstates of the ioni Hamiltonian, be written as Bloh-funtions:
φKSν (ϕ, r) = exp(inϕ)uν(ϕ, r). (3.2)
Here uν(ϕ, r) = uν(ϕ, r+Tn) denotes a funtion, whih is periodi with the lattie vetor Tn (Eq.
(2.1)) and is modulated by a phase fator exp(inϕ). The variable ϕ denotes the phase dierene in
the wavefuntion between adjaent peptide units and n indiates the peptide unit.
Using suh ylindrial symmetri representation to solve the KSE would, however, require to
expand the Hamiltonian and the eletroni wavefuntion in the orresponding symmetry adapted
basis funtions (ylindrial plane waves). Instead of implementing suh elaborated method we rather
model the peptide hain by means of a 3-dimensional superell spanned by the vetors:
a1 = clate1,a2 = clate2,a3 = zlate3, (3.3)
where the ei are the Cartesian basis vetors, zlat denotes the extension of the superell along the
z-axis, whih is hosen to be parallel to the axis of the peptide hain, and clat denotes the lateral
extension of the superell (Fig. 3.1; details in Appendix, Se. 6.6.1).
The KSE are thus solved by applying the symmetry of the lattie orresponding to the 3-
dimensional periodiity of these lattie vetors:
HKS(r+an) = H
KS(r) (3.4)
52
3.1 Periodi boundary onditions
The artiial interations of the individual peptide hain with its periodi images in the rystal
diretions lateral to the helix axis (Fig. 3.1b) are minimized by hoosing a suiently large lateral
superell parameter clat. The latter implies an inrease in the omputational resoures needed (both
memory and omputation time), but is still feasible and we intend to benet from the methodologial
advantages that ome with the employment of the plane wave basis set (see below).
3.1.1 Plane wave basis
Plane waves are funtions of the form:
u(r) = A exp(ikr+B), (3.5)
where A denotes the amplitude (or plane wave oeient), B denotes the phase and k denotes the
wavevetor. The plane waves are onstant on the orthogonal planes to the wavevetor and periodi,
sinus-shaped along it, with a wavelength given by |k|−1.
Plane waves are natural to desribe periodi systems, although other basis sets are also possible
and eient. The use of Gaussian orbitals in eletroni struture alulations with periodi bound-
ary onditions, for example, has a long history for both, Hartree-Fok [96, 97℄ and DFT alulations
[98, 99, 100℄. Reently, Suseria et al. have also applied this methodology to perform a DFT-GGA
study on innite poly-glyine and poly-L-alanine hains [45℄. Aording to [45, 100℄, the advantage
of this approah ompared to plane waves is its better suitability to model ovalently bonded sys-
tems and hene a better saling behavior is reported for large superells. Furthermore, Gaussians
allow to seletively exploit the periodiity along one axis in Cartesian spae, i.e., the helix axis,
while the periodiity along the other two axes an be swithed o, whih is not possible if the
plane wave basis is used.
Still, there are basially three reasons for employing plane waves. First, an adequate desription
of hydrogen bonds demands a high auray of the basis set, whih an be only ahieved using
a very large Gaussian basis set or plane waves. A pratial advantage of the plane wave basis is
hereby that its quality (size, ompleteness) an be ontrolled by a single parameter (the so-alled
uto energy; Se. 3.1.3), whereas, suh a ontrol is not straightforward for loalized basis sets.
Seond, the use of a loalized basis implies an unphysial eet, the so alled basis set superposition
error
1
(BSSE), whih an lead to a signiant spurious overestimation of hydrogen bond strengths
(e.g. [101℄). The BSSE an be partially orreted a posteriori by the ounterpoise method [102℄.
However, the plane wave basis does not ause a BSSE at all. Third, the plane waves basis does not
depend on the atomi positions. This allows for a straightforward evaluation of the inter-atomi
fores by using the Hellmann-Feynman theorem (Se. 3.2), whih is important also for this projet,
i.e., for determining the vibrational and thermodynami properties of a system.
Thus in this study the eletroni states are expanded in terms of plane waves. We reall that the
1
The origin of the BSSE is the non-orthogonality of a loalized basis set: If the atom entered orbitals of the two
moleular fragments orresponding to a given hydrogen bond overlap, an improvement in the desription of the
individual fragments is ahieved. This improvement is inonsistent with the non-bonded ase, where the moleular
fragments are spatially more separated.
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Kohn-Sham orbitals with periodiity of Eqs. (3.3) and (3.4) may be written as Bloh waves:
φKSν (k, r) = exp(ikr)uν(k, r). (3.6)
Here uν(k, r) = uν(k, r +Rn) denotes a funtion, whih is periodi with the superell and is the
amplitude of the orresponding Bloh wave. The wavevetor k determines the phase of the Bloh
wave. It is onned to the rst Brillouin zone, whih is spanned by the reiproal lattie vetors:
b1 =
2π
clat
e1, b2 =
2π
clat
e2, b3 =
2π
zlat
e3. (3.7)
Following Bloh's theorem we may expand the eletroni eigenstates in terms of a disretized plane
wave basis:
φKSν (k, r) =
1
Ω
∑
G
cν(k+G) exp (i(k+G)r) , (3.8)
where the wave vetors are given by the reiproal lattie vetors G:
G = m1b1 +m2b2 +m3b3, miǫZ. (3.9)
3.1.2 Hamiltonian matrix
Substituting the plane wave (Eq. (3.8)) into the Kohn-Sham equation (Eq. (2.24)) and integrating
over r gives the seular equation of the Hamiltonian matrix in a plane wave expansion:∑
G′
HKSk+G,k+G′cν(k+G
′) = ǫKSν cν(k+G), (3.10)
where the matrix elements are given by:
HKS
k+G,k+G′[n] =
1
2
|k+G|2δGG′ + V ext(G−G′) + V H[n](G−G′) + V xc[n](G−G′). (3.11)
Eq. (3.10) has to be solved self-onsistently (see Se. 3.1.5), sine the Hamiltonian matrix depends
on the eletron density, whih in turn depends on the plane wave oeients cν(k+G).
3.1.3 Cuto energy and k-point sampling
The basis set as introdued in Eq. (3.8) ontains an innite number of plane waves. Consequently,
the seular equation denoted by Eq. (3.10) implies a matrix of innite dimensions for eah given k.
Further, in priniple, Eq. (3.10) demands to be solved for eah individual k-point of the eletroni
Brillouin zone. Hene, an exat and omplete treatment of the eletroni system would require to
solve an innite number of innitely large matries. Suh a omplete treatment is, however, not
neessary, sine both, plane wave basis as well as k-point sampling, an be eetively redued to
nite sizes.
To introdue a nite number of basis funtions we take advantage of the fat that the Kohn-Sham
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orbitals of the valene eletrons (, i.e., the eletrons, whih are responsible for the hemial bonding)
beome smoothly varying at small sales
2
 meaning that plane waves with large G-vetors do not
ontribute signiantly to the eletroni eigenfuntions. Therefore the plane wave basis set an be
eetively trunated by introduing a uto sphere in the reiproal spae, i.e., by exluding the
plane waves from the basis set, whose kineti energy exeeds a ertain threshold alled uto energy
Ecut:
G
2
2 6 E
cut
(3.12)
⇔ Gmax =
√
2Ecut, (3.13)
where Gmax denotes the radius of the uto sphere3. Inreasing the uto energy always leads to
a lowering of the total energy aording to Ritz priniple. The quality of the plane wave basis set
may therefore be systematially ontrolled by one single parameter Ecut. As mentioned before, this
is one of the major advantages of the plane wave basis ompared to other basis sets (e.g. Gaussian
orbitals), where no systemati sheme is available to hek the onvergene with respet to the basis
set size.
Similarly, the sampling of the Brillouin zone is performed on a nite mesh of k-points. For the
peptide hain, it turns out that in pratie one single k-point is suient, sine the superell already
ontains a suiently extended part of the peptide hain to aount for the eletroni dispersion
along the helix axis. Along the two orthogonal diretions to the helix axis eletroni dispersion is
absent by onstrution, sine a suiently large vauum region is hosen to separate the periodi
images of the peptide hain (onvergene heks are disussed in the Appendix, Se. 6.1.1).
3.1.4 Pseudo-potentials
Although in priniple possible, it is not pratial to diretly desribe the Kohn-Sham orbitals in a
plane wave basis: In the region lose to the atomi ores the orbitals osillate heavily and exhibit
various nodes. High Fourier oeients cν(k+G) are required to desribe suh osillating behavior
and thus a very large number of plane waves is needed, i.e., a very high uto energy, to ahieve
onvergene in the total energy. However, an expliit treatment of the Kohn-Sham orbitals inside the
ore region may not be neessary anyway. This fat is employed by the onept of pseudo-potentials
to fundamentally improve the eieny of the plane wave basis set.
A prerequisite for the introdution of pseudo-potentials is the frozen ore approximation. It
exploits the fat that the hemial ativity of a given atomi speies is almost ompletely determined
by the valene eletrons. In the frozen ore approximation the Kohn-Sham equations are exlusively
solved for the valene eletrons while the ore eletrons are onsidered as frozen. This implies a
simpliation over the all-eletron alulation, sine the number of degrees of freedom (eletrons)
to be treated is redued. Furthermore, the numerial error of the alulation is redued, sine
the energy terms orresponding to the ore states, whih are orders of magnitude higher than the
2
Provided the ion ores are properly treated, e.g. by pseudo-potentials, as desribed in Se. 3.1.4.
3
The uto energy is usually treated in Rydberg, and not in Hartree (atomi unit), whih makes the fator 1/2
redundant.
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Figure 3.2: Pseudo-potential onept demonstrated exemplary for the oxygen 2s-Orbital: a) true
valene-orbital (solid line), pseudo-orbital (dashed line) and ore eletron density (gray
region). b) eetive ore potential (shemati, solid line) and pseudo-potential (dashed
line). The radius rc denes the atomi ore region.
energies of the valene eletrons, are exluded from the alulation.
For the expansion in a plane wave basis, however, the main problem is that the valene orbitals by
themselves exhibit strong osillations in the ore region. These osillations ultimately our, sine
the ore potential ontains a singularity for r → 0 and the valene orbitals have to be orthogonal
to the ore orbitals. In the pseudo-potential onept these osillations are removed by replaing the
ore-potential with the pseudo-potential, whih is smooth and soft in the ore region (Fig. 3.2b).
As a onsequene of the replaement of the ore potentials also the valene orbitals are hanged to
the so alled pseudo-valene orbitals. However, providing that the pseudo-potential is adequately
hosen, the pseudo-valene orbitals orrespond exatly to the true valene orbitals outside the ore
region (ore region will be dened below) and hene onserve their hemial properties. On the
other hand the pseudo-potentials an be tuned to make the pseudo-valene orbitals smooth and
node-less inside the ore region, as is shown for the example of the oxygen atom in Fig. 3.2a. Hene
the pseudo-valene orbitals may be expanded with a small plane waves basis set.
For generating a pseudo-potential two basi requisites are onsidered and balaned against eah
other. The rst requisite is transferability  that is determined by the ability to reprodue aurately
the behavior of the valene eletrons in diverse hemial environments. The seond requisite is
eieny  that is determined by the size of the plane wave basis required to expand the pseudo-
potentials and -orbitals. Both, transferability and eieny an be ontrolled during the generation
of the pseudo-potential by dening the atomi ore region through the uto radius rlc (l denotes the
angular momentum quantum number). Generally, an inrease of rlc leads to softer pseudo-potentials
and a better eieny, but it also lowers auray and transferability.
Typially, pseudo-potentials are generated by onsidering the isolated atomi speies (details on
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the pseudo-potential generation an be found in Ref. [103℄). Dierent shemes exist to onstrut
pseudo-potentials. For this projet we have used norm-onserving pseudo-potentials [104, 105℄
generated with the Troullier-Martins sheme [106℄. Usually norm-onserving pseudo-potentials are
set up and derived in terms of an angular momentum dependent, semi-loal operator,
V ps−SL = V loc,ps(r) +
lmax∑
l=0
l∑
m=−l
| Ylm〉δV psl (r)〈Ylm |, (3.14)
written in terms of the loal, long-ranged pseudo-potential, V ps,loc(r), the l-dependent omponents
δV psl (r) = V
ps
l (r) − V ps,loc(r), whih are onned to the ore region, and the spherial harmonis
| Ylm〉 [103℄. The summation of the semi-loal part an be trunated beyond some lmax. For
reasons of omputational eieny the semi-loal form is transformed into a fully non-loal form as
suggested by Kleinmann and Bylander [107℄:
V ps−NL = V loc,ps(r) + V nloc,ps. (3.15)
where:
V nloc,ps =
lmax∑
l=0
l∑
m=−l
δV psl (r) | φlm〉〈φlm | δV psl (r)
〈φlm | δV psl (r) | φlm〉
. (3.16)
Here, the semi-loal spherial harmonis Ylm are replaed by the fully non-loal projetors φlm,
whih are simply the atomi pseudo-orbitals. Due to their separability with respet to the atomi
pseudo-orbitals the Kleinmann-Bylander form sales linearly with the number of plane waves, and
is thus more eient than the original semi-loal form, whih sales quadratially with the number
of plane waves.
Employed pseudo-potentials and the estimation of their transferability
The pseudo-potentials for oxygen, nitrogen and arbon have been onstruted with the tool fhi98PP
[103℄. For the hydrogen atom we have used the bare 1/r-potential instead of a pseudo-potential.
The reason is that an eetive pseudoisation of hydrogen is hardly possible without introduing
signiant deviations of the results with respet to the results arising from the true non-pseudoised
hydrogen [43℄.
The pseudo-potentials used here have been found to aurately reprodue the geometries, i.e.,
bond lengths and angles, of a set of small moleules [51℄. To diretly estimate the error in the
desription of the peptide hain introdued by the pseudo-potentials one would have to ompare
to a orresponding all-eletron referene alulation for this system. Suh alulations have (to
the knowledge of the author) not been published yet. However, as mentioned in the Se. 2.4.3,
the overall error of the DFT-PBE pseudo-potential plane waves approah in prediting hydrogen
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bond energetis has been extensively investigated and found to be less than 1 kal/mol [44℄, whih
orresponds to about 10 % of the strength of an intermediate hydrogen bond. The main ontribution
to this error is believed to be due to the PBE funtional. Thus, we onlude that the error due to
the pseudo-potentials is signiantly smaller than 1.0 kal/mol.
3.1.5 Solving the Kohn-Sham equations
In the pseudo-potential approximation the Kohn-Sham matrix (Eq. (3.11)) is written as
4
:
HKSG′+k,G+k[n] =
1
2
|k+G|2δGG′ + V nloc,psG′+k,G+k
+ V˜ loc,ps(G−G′)+V˜ H[n](G−G′) + V xc[n](G−G′) (3.17)
and the eletroni ground state energy is given by:
Eel[n] = T s[n] + E˜loc,ps[n] + Enloc,ps[n] + E˜H[n] + Exc[n] + Eion − Eself . (3.18)
The formulas for the individual ontributions to the Hamiltonian matrix and to the eletroni ground
state energy are, exept for the XC ontributions, standard and details are desribed elsewhere (e.g.
in Refs. [108, 109℄). Here we fous on the XC ontributions, sine the demands oming with our
projet requires to go beyond the standard treatment. The orresponding disussion is given in Se.
3.4.2.
The seular equation of HKS
G′+k,G+k[n] has to be solved self-onsistently in an iterative yle, sine
the Hamiltonian depends on the eletron density n(r), whih is not known from the beginning. This
task amounts to nding the minimum on an energy surfae Eel ({ci(G,k)}), whih is spanned by
the N el ·Npw plane wave basis funtions and is dened by:
Eel ({ci(G,k)}) := Eel [n ({ci(G,k)})] . (3.19)
Here, n ({ci(G,k)}) is the eletron density for a given set (guess) of plane wave oeients (Eq.
(3.24)), and Eel[n] is dened by Eq. (2.33). Several iterative shemes exist to nd the minimum
of Eel ({ci(G,k)}). Most of these shemes require, at eah iteration step m, the knowledge of the
4
For the sake of ompleteness it shall be here remarked that the attrative loal pseudo-potential V loc,ps(r), as
well as the repulsive Hartree potential V H(r) are divergent, innite quantities within an innite rystal, sine
the potentials arising from the single ions show a 1/r behavior for large r values. However, the sum of the
two potentials is a onvergent, nite quantity. To be able to treat Hartree potential and loal pseudo-potential
separately, a onstrutive zero in the form of two Gaussian harges is added, whih results in the modied
potentials: eV loc,ps(r) = V loc(r) + Z d3r′ ngauss(r′)|r− r′|
eV H(r) = V H(r)− Z d3r′ngauss(r′)|r− r′| ,
As a onsequene, an additional term, Eself , appears in the expression for the eletroni ground-state energy (Eq.
(3.18)), whih aounts for the eletrostati self interation of the Gaussian harges.
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loal energy Eel ({cmi (G,k)}) and also the gradient:
| ζi,k ({cmi (G,k)})〉 :=
δEel ({ϕmi })
δϕmi
with 〈ϕmi | ϕmj 〉 = δij . (3.20)
It an be shown (e.g. [110℄) that the gradient is given by:
| ζmi,k〉 = −(HKS
m − Λmi,k) | ϕmi,k〉, (3.21)
where
Λmi,k = 〈ϕmi,k | HKS
m | ϕmi,k〉. (3.22)
The essential arithmeti operation to evaluate the gradient is thus to apply the Kohn-Sham matrix
HKS
m
G′+k,G+k on the wavefuntion ϕ
m
i,G+k.
Based on the knowledge of the loal energy Eel ({cmi (G,k)}) and the gradient | ζmi,k ({cmi (G,k)})〉
for a given guess of the plane wave oeients a loal minimization sheme may nd the minimum
of the energy surfae Eel ({cmi (G,k)}) to thus solve the KS equations.
In this projet we use the preonditioned all-state onjugate gradient sheme to fulll this task
(details e.g. in Refs. [43, 111℄). Using this sheme, usually 10-20 steps are suient to onverge
to the eletroni ground state of the peptide hain up to the edge of numerial preision (10−9
kal/mol).
3.1.6 The FFT mesh
The Fast Fourier Transformation (FFT) is an essential tool employed by the plane wave formalism.
It allows to eiently transform between the real spae expansion and the reiproal spae expansion
of the operators during the solving of the Kohn-Sham equations. Hene, one may alulate spei
quantities, suh as the kineti energy, very eiently in the reiproal spae and other quantities,
suh as the eletron density in the real spae. The operators may then be very easily merged in the
reiproal spae to form the plane-wave Hamiltonian (Eq. (3.10)).
To use the FFT, the harge density and the potentials are desribed on (three-dimensional) so
alled FFT meshes  the reiproal spae mesh, or G-mesh, and the real spae mesh, or R-mesh.
The G-mesh is spanned by the reiproal lattie vetors with:
G = m1b1 +m2b2 +m3b3, where mi ∈ Z | mibi |≤ 2Gmax. (3.23)
The FFT mesh to desribe the harge density in the reiproal spae has to be twie the diameter
of the uto sphere along eah reiproal spae diretion. This an be understood if the plane wave
expansion is substituted in the Kohn-Sham-orbitals (Eq. (3.8)) for a given uto Ecut into the
expression for the harge density (Eq. (2.28)):
n(r) =
∑
k,ν
f occν,k
∑
G: |G+k|<Gmax
∑
G′: |G′+k|<Gmax
ck,ν(G)c
∗
k,ν(G
′) exp
(
i(G−G′)r) . (3.24)
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This Fourier expansion ontains omponents orresponding to wave vetors G−G′, whih are up
to twie as long as the longest wave vetor of the plane wave basis. Hene, to exatly desribe the
harge density the minimum FFT G-mesh must ontain all wave vetors G up to a length of 2Gmax
(Eq. (3.23)).
Aording to the sampling theorem [112℄ a minimum R-mesh ontains the same number of samp-
ling points as the G-mesh and the distane ∆R between two adjaent points in the R-mesh (real
spae resolution) is given by:
∆R =
π
Gmax
. (3.25)
The minimum FFT mesh to desribe the harge density is also suient to desribe the operators
ontributing to the plane wave Hamiltonian (Eq. (3.17)), as long as these operators are linear
funtionals of the harge density. This is the ase for all operators ontributing to the Hamiltonian,
exept for the XC potential. Treating the XC potential on the minimum FFT mesh introdues
numerial errors in the alulations. This issue is disussed in Se. 3.4.2.
3.2 Hellmann-Feynman fores
The previous setion 3.1 has provided us with all neessary tools to determine the ground state
properties, i.e., Born-Oppenheimer surfae (ground-state energy) and eletron distribution for given
ioni positions. The main sope of this projet, however, involves the determination of the ioni
dynamis, i.e., the vibrations of the peptide hain.
To solve the ioni equations of motion it is neessary to determine the derivatives of the Born-
Oppenheimer surfae (BOS) with respet to the ioni positions, i.e., the inter-atomi fores. Hereby
the Hellmann-Feynman theorem is very helpful. It states that the derivative of the ground-state
energy is given as the expetation value of the rst derivative of the eletroni Hamiltonian:
dEg(X)
dRI
=
d
dRI
〈Ψg(X) | Hel(X) | Ψg(X)〉
=
(
〈 d
dRI
Ψg(X) | Hel(X) | Ψg(X)〉+
+ 〈Ψg(X) | Hel(X) | d
dRI
Ψg(X)〉+
+ 〈Ψg(X) | d
dRI
Hel(X) | Ψg(X)〉
)
(3.26)
= 〈Ψg(X) | d
dRI
Hel(X) | Ψg(X)〉. (3.27)
The rst two terms of Eq. (3.26) vanish, sine:
〈 ddRIΨg(X) | Hel(X) | Ψg(X)〉+ 〈Ψg(X) | Hel(X) |
d
dRI
Ψg(X)〉 (3.28)
= 2Eel ddRI 〈Ψg(X) | Ψg(X)〉 = 0. (3.29)
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Thus to determine the inter-atomi fores only the expetation value of Eq. (3.27) and the derivative
of the ion-ion potential have to be evaluated:
FI(X) := −
dEelg (X)
dRI
= −dE
e
g(X)
dRI
− dV
ion−ion
dRI
. (3.30)
These ontributions an be alulated straightforwardly, one the ground state eletron density has
been found by solving the Kohn-Sham equations
5
. The expliit terms of the Hellmann-Feynman
fores have been disussed in detail in Ref. [108℄.
Eq. (3.27) is in general, however, not exat when a loalized basis set is applied to expand the
eletroni system. If this basis set is inomplete (and this is usually the ase in a alulation) in
general additional, artiial terms our, whih arise from the expliit dependene of the basis set
on the atomi oordinates. These fores are alled Pulay fores. The treatment of Pulay fores
signiantly ompliates the alulation of the ioni fores. Fortunately, the plane wave basis does
not depend on the atomi oordinates. Therefore, the Pulay fores are always zero in a plane wave
basis. This is a (further) important advantage over a loalized basis set.
The omputational ost for alulating the Hellmann-Feynman fores in the plane wave basis is
approximately the same as that for one iterative step in the self onsistent yle. This high eieny
provides an important support for all the following steps of the dynamial analysis: Regardless
if we determine the equilibrium strutures, the harmoni vibrational spetra, or the anharmoni
ontributions  all these proedures heavily involve the alulation of the fores.
3.3 Geometry optimization
Before we an determine the vibrational spetrum of a given onformation of the peptide hain, we
have to determine the orresponding equilibrium struture. To perform geometry optimizations we
have implemented a quasi-Newton sheme into S/PHI/nX. The quasi-Newton sheme is a parameter
free seond order optimization sheme. A detailed disussion of this sheme is given in Ref. [43℄,
here we restrit ourselves to write down only the essential formulas. In eah optimization step the
geometry is updated by:
∆Xn+1 = (Kn)−1Fn, (3.31)
where K orresponds to the Hessian matrix:
Kij =
∂2Eel
∂Xi∂Xj
. (3.32)
The Hessian matrix is not known from the beginning, therefore it is on-the-y updated after eah
struture step aording to the Broyden-Flether-Goldfarb-Shanno (BFGS) [113, 114, 115, 116℄
5
The Hellmann-Feynman theorem an be generalized to the so alled (2n + 1)-theorem, whih states that the
knowledge of the derivatives up to order n allows to alulate the derivatives of the energy up to order 2n+ 1.
61
3 Implementation
0 60 120 180
phase angle (degs)
0
100
200
300
400
500
600
700
fre
qu
en
cy
 (c
m-
1 )
0 60 120 180
0
100
200
300
400
500
600
700
0 60 120 180
0
100
200
300
400
500
600
700
a) b) c)
Figure 3.3: Numerial noise in the low frequeny branhes of the fully extended struture (FES) of
the poly-L-alanine hain: a) Determined with the standard nite dierenes sheme as
desribed in Se. 3.4.1 and without smoothing the XC ontributions. b) Determined
with the standard nite dierenes sheme and with a (2-fold) smoothing of the XC
ontributions as desribed in Se. 3.4.2, ) Determined with the TSR sheme as de-
sribed in Se. 3.4.3. The numerial noise is determined by performing the alulation
of the dynamial matrix for (ve) dierent, arbitrarily hosen positions of the FES in
the superell. In the absene of numerial noise these alulations are equivalent and
would yield exatly the same vibrational spetra.
sheme:
∆Kn+1 =
∆Fn(∆Fn+1)†
(∆Xn)†∆Fn
− K
n∆Xn(∆Xn)†Kn
(∆Xn)†Kn∆Xn
. (3.33)
After eah step of the geometry optimization, geometry and fores are symmetrized aording to the
helial symmetry. The geometries are optimized up to a ertain maximum value for the remaining
fore of 2.5 ∗ 10−5 Hartree/Bohr, sine a onvergene test revealed that this auray is needed to
obtain an aurate vibrational spetrum (details in Appendix, Se. 6.1.1). Starting geometries were
obtained from previous projets [50, 51℄.
3.4 Phonon spetra and thermodynami properties
Having obtained the equilibrium strutures we may determine the vibrational frequenies of the
peptide hain. These are given by the square-roots of the mass-saled urvatures at the loal
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minima of the Born-Oppenheimer surfae (Se. 2.6.2). To determine the urvatures, we employ a
nite dierenes sheme, i.e., we ompute them from the fore responses to small displaements of
individual ions from the equilibrium struture. The orresponding standard proedure, in whih
the ioni displaements along the Cartesian basis vetors are taken, is implemented nowadays in
numerous available DFT odes or software pakages for phonon alulations. However, we found
that suh a proedure is inadequate to perform the neessary alulations for this projet. The main
problem is numerial noise. Its inuene on the alulated frequeny spetra is severe, partiularly
for determining the low frequeny branhes with ω < 300cm−1 and the thermodynami properties
of the peptide hain, as is shown for the example of the fully extended struture (FES) of the
poly-L-alanine hain in Fig. 3.3a. It is therefore required to go beyond the standard proedure.
To redue the impat of numerial noise, we ombine two strategies: First, the main soure
of numerial noise, whih is loated in the exhange-orrelation potential, is diretly redued by
developing a smoothing sheme (Se. 3.4.2). Seond, the standard proedure is extended by em-
ploying an adapted basis to expand the nite dierenes (Se. 3.4.3). This allows us to use larger
nite dierenes as it is possible in the standard sheme and, hene, to inrease the fration of
the physial part of the Hellmann-Feynman fores
6
. It is important to mention that only the
ombination of these two strategies allowed us to ahieve the required numerial auray. The
resulting method for alulating the dynamial matrix is a three-stages renement (TSR) sheme,
where subsequent stages onstitute an improvement in auray over the previous ones. By means
of the TSR sheme it is possible to redue the numerial error in the frequenies by more than an
order of magnitude (Fig. 3.3). We remark that this high auray is ruial for all the results
derived for the projet. For a detailed analysis of the onsidered soures of error and an estimation
of the remaining numerial unertainty see appendix, Se. (6.1.1).
Below, rst the nite dierenes approah is introdued. Then the smoothing sheme for the XC
ontributions is explained and nally the TSR sheme is desribed in detail.
3.4.1 Finite dierenes approah
Following Se. 2.6.4, a basi requirement to obtain the phonon dispersion relation of the peptide
hain is the knowledge of the dynamial matrix Dc(ϕ). To determine the dynamial matrix within
the superell approah we replae the exat expression of Eq. (2.92) by a nite summation:
Dc(ϕ) =
nmax∑
n=−nmax
Dc(n) exp(−iϕn). (3.34)
Here, n labels the peptide units of the hain, and the bound nmax for the summation in Eq. (3.34)
is a uto and limits intra-hain vibrational oupling up to the nmaxth nearest neighbor. The uto
is inherently ditated by the hosen size of the superell, i.e., it orresponds to half the number
of peptides ontained in the superell. The auray of Eq. (3.34) depends on whether or not
signiant long-ranged interations exist beyond the uto distane nmax. This has been tested by
6
Physial means here the part of the fores that would remain in the absene of any numerial noise.
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performing onvergene heks with respet to nmax (Se. 6.1.1).
One an appropriate uto radius nmax has been determined by hoosing an appropriate superell
size, the remaining task is the evaluation of the dynamial matries Dc(n) for |n| ≤ nmax, whih
orrespond to the interation of a given peptide (where n = 0) with its nth nearest neighbor.
Standard proedure
When following the standard way of alulating phonons, the dynamial matrixDc(n) is determined
in a basis spanned by the displaements of the atoms along the Cartesian oordinate axes. More
preisely, we hoose an arbitrary peptide unit from the peptide hain, whih we label with the index
n = 0. In this peptide unit eah atom is displaed by a small distane ∆s along eah Cartesian
diretion, one parallel to it and one anti-parallel. This results in a total number of 2 · 3 · NAPP
displaed geometries:
Xi+/− : = X±∆s · ei (3.35)
where X is the equilibrium geometry, i labels the Cartesian degrees of freedom in the peptide unit
with n = 0, ei is the unity vetor orresponding to the ith of these degrees of freedom, and +/−
symbolizes, whether the orresponding atom is displaed parallel (
′+′) or anti-parallel (′−′) to the
unity vetor. We then evaluate, for eah of these geometries, the respetive eletroni ground state
and the Hellmann-Feynman fores Fi+/− := F|
Xi+/−
. From these fores we may onstrut the
Hessian matrix in Cartesian oordinates, sine:
Kcartij (n) =
∂2Eel
∂Xi(0)∂Xj(n)
(3.36)
=
∂Fj(n)
∂Xi(0)
= lim
∆s→0
F i+j − F i−j
2∆s
(3.37)
≈ F
i+
j − F i−j
2∆s
. (3.38)
The Hessian matries Kcart(n) are then transformed to the dynamial matries Dc(n) and the
phonon dispersion may be alulated.
Fig. 3.3a shows, however, that following this standard proedure leads to, in terms of an aurate
vibrational and thermodynami analysis, useless results. In partiular the obtained low frequeny
branhes, where ω < 300 cm−1, strongly depend on the position of the struture in the oordinate
frame of the superell. This dependene is ompletely artiial and therefore indiates a strong
impat of numerial noise. The example of the poly-L-alanine FES reveals a sattering of up to
100 cm−1 for the lowest vibrational branh, whih roughly orresponds to three times the absolute
value of this branh.
We remark that the numerial error has been found to be resistant to hanges of any of the
standard onvergene parameters of the plane wave methodology, suh as the uto energy, the
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FFT mesh size, and the auray of the eletroni loop. Consequently, to unover the origin of the
numerial noise, it is required to have a loser look at the implementation.
3.4.2 Exhange-orrelation wiggles
A valuable indiation regarding the origin of the numerial noise was obtained, by performing
alulations using LDA instead of PBE-GGA to desribe the exhange-orrelation (XC) interation:
Then the numerial noise largely disappeared. The LDA funtional is not a viable option to perform
the alulations for this projet, sine it does not adequately desribe the hydrogen bonds in the
helial onformations of the peptide hain (Se. 2.4.3). However, the omparison between LDA and
PBE-GGA shows that the numerial noise is due to the basi dierene between the two funtionals,
i.e., the gradient orretion in the PBE funtional.
In order to understand this problem, we have a loser look at the implementation of the XC
funtional in the plane wave formalism. Here the loal XC energy is disretized on the minimum
FFT mesh and the ontinuous, analytial real spae integration dening the XC energy (Eq. (2.41))
is replaed by the respetive disretized summation over the FFT mesh [117℄:
E˜xc[n] :=
Ω
N
∑
rijk
fxc (n(rijk),∇n(rijk))n(rijk). (3.39)
In this representation all Fourier omponents of fxc with | G |2> 2Ecut are set equal to zero and
the XC-energy is treated as a funtion of the eletron densities only at the mesh points rijk, rather
than as a funtional of the (ontinuous) eletron density [117℄.
We, however, reall that the XC funtional is, in ontrast to the remaining ontributions to the
ground state energy, i.e., Hartree energy, eletron-ion interation and kineti energy, a non-linear
funtional of the harge density. Hene it is not exatly desribed on the minimum FFT mesh
orresponding to the harge density, and, in ontrast to the former ontributions, gives rise to
Fourier omponents for | G |2> 2Ecut. The deviations from the linearity are numerially negligible,
as long as the loal XC energy is a slowly varying funtion of r, as is the ase for the LDA XC
funtional. However, in ontrast to LDA, the gradient orreted funtionals (Eq. (2.41)), like the
PBE funtional, ontain terms of the form:
| ∇n |,∇2n, or∇n∇ | ∇n | . (3.40)
These terms may rapidly vary with r and therefore give rise to larger Fourier omponents for
| G |2> 2Ecut. Therefore, the gradient orretion ould indeed be the origin of the observed nume-
rial utuations in the alulation.
To investigate this possibility by means of a simple example, we show in Fig. 3.4a the total
energy of an isolated arbon atom that is moved aross the real spae (superell). In the absene
of numerial noise the energy should be onstant. This is almost perfetly aomplished when the
LDA funtional is employed (Fig. 3.4a, green line). However, it is not the ase, when PBE-GGA
is used (Fig. 3.4a, blak line). Hene, a spurious dependene of the total energy on the relative
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Figure 3.4: a) XC wiggles: Born-Oppenheimer energy for a arbon atom that is moved along the
diagonal of the superell (, i.e., along the (111) diretion in the FFT mesh), alulated
by employing the PBE funtional and a uto energy of 70 Ry (blak line) and 140 Ry
(brown line). Further shown is the orresponding urve for the LDA funtional at 70 Ry
(green line). b) XC wiggles for the arbon atom without any smoothing (blak line,
same quantity as in a)), for a 2-fold smoothing of the XC wiggles (blue line) and for a
4-fold smoothing (red line). The smoothing is explained in Eqs. (3.41-3.48) ) Born-
Oppenheimer energy along the eigenmode orresponding to the lowest frequeny branh
of the poly-L-alanine FES at ϕ = 90◦ without smoothing the XC wiggles (blak line),
for a 2-fold smoothing (blue line) and a 4-fold smoothing (red line). d) Corresponding
seond derivatives along that eigenmode.
66
3.4 Phonon spetra and thermodynami properties
position of the atoms with respet to the FFT mesh exists, whih is aused by the disretization of
the gradient orretions of the PBE-GGA funtional. This problem has been reognized earlier by
White&Bird, who introdued the onnotation wiggles for it [117℄.
For studies solely related to total energies these XC wiggles are harmless, sine their magnitudes
are very small. However, for the alulation of the rst and in partiular the seond derivatives
of the Born-Oppenheimer surfae, i.e., the fores and the vibrational frequenies, the impat of
the XC wiggles an reah a magnitude, whih is as large as or even larger than the physial
fores/frequenies. In fat the XC wiggles heavily modify the low frequeny branhes of the peptide
hain. This is demonstrated for the example of the lowest frequeny (aoustial) branh of the poly-
L-alanine FES: In Fig. 3.4 and 3.4d the total energy and, respetively, the urvature along the
eigenmode representing this branh is plotted. As an be seen, the XC wiggles have a strong impat
on the energy urve. Consequently, the urvature, whih determines the vibrational frequeny, is
heavily osillating, making an aurate determination of the vibrational frequeny impossible.
Removing the XC wiggles
The XC wiggles have thus been identied as the main soure of numerial errors in the alulation.
Note again that the problem with the XC wiggles may not be solved by just inreasing the uto
energy or simply inreasing the FFT mesh size
7
. Fig. 3.4a shows that even using twie the uto
as required for onvergene of the total energy for the physial aspets of the alulation, the XC
wiggles are not removed. A similar behavior has been found when doubling the FFT mesh size.
In order to solve the problem with the XC wiggles we introdue a smoothing strategy. For this
purpose, we rewrite the Born-Oppenheimer surfae:
Eel
′
(X) =
1
Ωvx
∫
Ωvx
d3r′Eel
(
X1 + r
′,X2 + r
′, ...,XN ion + r
′
)
, (3.41)
where X = (X1,X2, ...XN ion) denotes the ongurational vetor of the ions (Se. 2.2) and r
′
denotes
an uniform translation of the struture (with respet to the FFT mesh). The integration in Eq.
(3.41) performs an average (smoothing) over the voxels of the FFT mesh. The voxels are dened
as the volume Ωvx spanned by the vetors, whih onnet a point of the R-mesh (real spae FFT
mesh) with its next nearest neighbors lying in the three lattie diretions. This denition of the
Born-Oppenheimer energy is wiggle-free:
Eel
′
(X) = Eel
′
(X1 + r,X2 + r, ...,XN + r) , (3.42)
sine the wiggles are periodi with the voxels of the FFT mesh. Therefore, we may remove the XC
wiggles from the alulation by omputing the Born-Oppenheimer energy (and aordingly all its
derivatives) orresponding to this new denition.
To explain the method of determining Eel
′
(X), it is realled that the XC wiggles are exlusively
7
Inreasing the uto energy or the FFT mesh size is atually often spuriously assumed to be a proper solution for
the XC wiggles problem. We remark that, in priniple, an extremely high uto energy of several thousands of
Ry would indeed allow to eetively redue the wiggles. However suh high uto energy is not a viable option
for reasons of omputational eieny.
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aused by the XC part of the Kohn-Sham Hamiltonian, sine all remaining ontributions to the
Kohn-Sham Hamiltonian are linear in the eletron density and therefore invariant with respet to
the position of the FFT mesh. Therefore, the orretion has to be performed only for the XC
ontributions, i.e., XC potential and the XC energy:
V xc
′
(R) =
1
Ωvx
∫
Ωvx
d3r′V xc(R; r′), and (3.43)
ǫxc
′
(R) =
1
Ωvx
∫
Ωvx
d3r′ǫxc(R; r′). (3.44)
Here, V xc
′
(R) and ǫxc
′
(R) denote the wiggle-free XC potential and energy at mesh point R,
respetively, and V xc(R; r′) and ǫxc(R; r′) denote the wiggled quantities, whih arise from a shift
r′ of the atomi geometry with respet to the FFT mesh. To evaluate the quantities V xc(R; r′) and
ǫxc(R; r′) at rst the eletron density is shifted on the R-mesh:
nshift(R) =
∑
G
(
exp(iG(R+ r′)n(G)
)
. (3.45)
Then the XC energy and potential are alulated for the shifted harge density:
ǫxc,shift(R), V xc,shift(R) (3.46)
and nally these quantities are shifted bak, by performing a translation along −r' , to obtain the
needed integrands of Eq. (3.43):
V xc(R; r′) =
∑
G
(
exp(iG(R− r′))V xc,shift(G)
)
, and (3.47)
ǫxc(R; r′) =
∑
G
(
exp(iG(R− r′))ǫxc,shift(G)
)
. (3.48)
Here, V xc,shift(G) and ǫxc,shift(G) are the G-mesh expansions orresponding to V xc,shift(R) and
ǫxc,shift(R), respetively. To sample the volume Ωvx we have tested a ouple of simple shemes. The
sheme, whih has been found to be most systemati, is to generate the points r′ on a sub-mesh,
in whih the sampling points are separated by a nth frational of the voxel dimensions.8 Thus for
n = 2 the voxel is sampled by 8 points, for n = 3 it is sampled by 27 points et. In the following
this sheme will be denoted as n-fold averaging of the XC wiggles.
The smoothing sheme has to be applied self-onsistently for eah step of the eletroni minimiza-
tion sheme. However, it is most eetive to rst fully onverge to the wiggled BOS, and then,
perform 3-5 steps applying the smoothing sheme, to obtain the un-wiggled BOS. The smoothing
sheme inreases the required omputation time by a fator of approximately 1.5 for the 2-fold
smoothing and a fator of approximately 4 for the 4-fold smoothing.
8
This partiular sheme is equivalent to representing the XC-ontributions on a n-fold larger mesh with respet to
the minimum FFT mesh. The averaging orresponds then to skipping the high Fourier oeients in reiproal
spae. The advantage of the smoothing sheme developed here in this regard is that it requires less memory.
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Figure 3.5: a) Maximum error in the harmoni frequenies, |∆ω|max, for the poly-glyine 310-helix ,
if the dynamial matrix is determined in a Cartesian basis, i.e., by means of the standard
nite dierene sheme (Eq. (3.36)), plotted with respet to the atomi displaement,
∆s. The plot shows |∆ω|max for the high frequeny vibrations with ω > 3000 cm−1
(red line), for the mid frequeny interval with 200 cm−1 < ω < 3000 cm−1 (green
line) and for the low frequeny vibrations ω < 200 cm−1 (blue line). The referene
values to determine the error are taken from the alulation with ∆s = 0.01 Bohr.
b) Corresponding error, if the dynamial matrix is determined in the eigenbasis of the
matrixKc(ϕ = 0) (Eq. (3.55)), plotted with respet to the onvergene parameter Emax,
as dened in Eq. (3.51). The alulations for both a) and b) have been performed by
means of the SCCDFTB approah (Se. 6.2.2) sine they are omputationally rather
demanding.
The appliation of the smoothing sheme signiantly redues the impat of the XC wiggles.
Already the 2-fold smoothing redues the amplitude of the wiggles in the total energy of the arbon
atom by several orders of magnitude (Fig. 3.4b). Consequentially, also the wiggles along the
aoustial eigenmode of the peptide hain are redued (Figs. 3.4 and d). Hene, we expet in
general a signiant improvement for the alulation of the vibrational spetrum of the peptide
hain.
3.4.3 The TSR sheme
As expeted, a signiant redution of the numerial noise is observed if the dynamial matrix is
alulated by using a 2-fold smoothing of the XC wiggles (Fig. 3.3b). For the vibrational branhes
with ω > 200 cm−1 the numerial error largely disappears. For the vibrational branhes with
ω < 200 cm−1 the error is redued by an order of magnitude. Nevertheless, the remaining error is
still too large in terms of an aurate thermodynami analysis.
Performing equivalent alulations with a 4-fold smoothing of the XC wiggles does not improve
suiently the auray and using an even denser smoothing mesh than 4-fold makes the om-
putational eort too high. Therefore, an alternative approah to further inrease the auray is
required.
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Rened alulation of the dynamial matrix in its eigenbasis
An option to redue the numerial noise in the alulation of the dynamial matrix is to use large
nite displaements ∆s for the evaluation of the nite dierenes quotients (Eq. (3.38)). Following
this strategy does inrease the ratio of the physial fore response with respet to the noise part
and onsequently leads to numerially stable results. However, large displaements also introdue
unontrollable, artiial anharmoni ontributions (Fig. 3.5a) sine the equality of the Eqs. (3.37)
and (3.38) is violated. In other words, in the Cartesian basis the neessary limitation to the harmoni
regime does not allow to eiently follow this option.
However, let us dene ∆smax as the maximum displaement, whih still maintains the equality
of the Eqs. (3.38) and (3.37). In Fig. 3.5a we show that ∆smax is signiantly larger for the low
frequeny region (Fig. 3.5a, blue line) of the vibrational spetrum, than it is for the high frequeny
region (Fig. 3.5a, red line):
ω1 > ω2 ⇒ ∆smax(ω1) < ∆smax(ω2). (3.49)
To understand this dependene, we introdue, as a very simple model, an innitely long, one-
dimensional hain of atoms, whih is linked together exlusively by nearest neighbor bonds. Two
deformations of the hain segment are onsidered: i) a deformation ss, whih exlusively strethes
a single bond of the hain and ii) a olletive deformation sl, whih strethes all the bonds of a
nite, N -atomi segment of the hain by the same value. Let ∆smax,s be the maximum possible
displaement for the single-bond deformation. Then the maximum displaement ∆smax,l for the
olletive bond deformation is:
∆smax,l =
√√√√ N∑
i=1
(∆smax,s)2 =
√
N∆smax,s. (3.50)
It follows that the energy Emax arising to the maximal displaement is the same for both displae-
ments:
Emax =
1
2
kl
(
∆smax,l
)2
=
1
2
ks (∆smax,s)2 , (3.51)
where kl and ks are the harmoni fore onstants orresponding to the olletive deformation and
the single bond deformation, respetively:
kl =
∂2E
∂(sl)2
and ks =
∂2E
∂(ss)2
= Nkl. (3.52)
Thus we have
∆smax,l
∆smax,s
=
√
ks
kl
, (3.53)
and hene we may explain, by onsidering kl > ks and ω(k) ≈ const ·
√
k, the observation formulated
in Eq. (3.49), i.e., that ∆smax is larger for the low frequeny branhes of the peptide hain than it
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is for the high frequeny branhes
9
.
Even more important, we may employ these ndings to improve the auray of the vibrational
analysis: The idea is to take the displaements of the peptide hain not from the Cartesian basis but
rather from an adapted basis, in whih the olletive (low frequeny) deformations are deoupled
from the single-bond (high frequeny) deformations. Then we use a onstant energy ∆E, instead
of a onstant displaement ∆s, for displaing eah degree of freedom to re-alulate the dynamial
matrix. As a onsequene we may use larger displaements for the low frequeny branhes as for
the high frequeny branhes  and hene redue the impat of the numerial noise.
To apply this idea, we at rst rewrite Eq. (3.51) to derive an expliit expression for the hoie of
a proper adapted displaement ∆smax:
∆smax(k) =
√
2Emax
k
. (3.54)
Here k is a fore onstant, i.e., the seond derivative of the energy with respet to a given (and
properly hosen) displaement, and ∆smax(k) is the maximum displaement along that diretion.
Then we derive a new set of displaement vetors. These have to be taken from an orthonormal
basis, whih on the one hand eetively deouples the olletive deformations of the peptide hain
from the single-bond deformations and on the other hand an be obtained from the Cartesian
displaement basis by a unitary transformation. A basis, whih meets these two requirements, is
given by the eigenvetors of the symmetry redued Hessian matrix at the Γ-point
Kc(ϕ = 0) =
nmax∑
n=−nmax
Kc(n), (3.55)
Sine a rst guess for the Hessian matrix is required to apply this sheme, we have to perform a
preeding alulation in the Cartesian basis (details below) for getting suh guess. Provided we have
performed this preeding alulation, a new Hessian is alulated by displaing the atoms aording
to the eigenvetors X˜ of Kc(ϕ = 0) of the guessed Hessian matrix, thus:
K˜cij(n) =
∂2Eel
∂X˜i(0)∂X˜j(n)
(3.56)
=
∂F˜j(n)
∂X˜i(0)
(3.57)
≈ F˜
i+
j − F˜ i−j
2∆s˜(ki)
. (3.58)
Here ki denotes the eigenvalue of K
c(ϕ = 0) orresponding to the ith eigenvetor and the nite
displaement ∆s˜(ki) is obtained from Eq. (3.54). This matrix an be transformed to the rened
9
To be exat: The frequeny does also depend on the redued mass orresponding to the vibrational eigenmode.
This dependene plays, however, a minor role in this ontext.
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Figure 3.6: a) Vibrational frequeny for the three lowest branhes of the poly-L-alanine FES at
ϕ = 90o, and, b) vibrational free energy per peptide unit at 300 K, for ve dierent
rotational alignments of the struture relative to the FFT mesh. Shown are the values
after the rst (dotted lines), the seond (dashed lines), and the third renement stage
(solid lines) of the TSR sheme. The (arbitrary) referene value for the free energies is
here the free energy for the rst struture.
dynamial matrix:
Dc(n) =M−1/2U†K˜c(n)UM−1/2, (3.59)
where U is a unitary transformation and ontains the eigenvetors of K˜c as olumns and M is a
diagonal matrix ontaining the ioni masses. The parameter Emax in Eq. (3.54) has to be taken as
large as possible to failitate the maximum possible stability of the obtained vibrational spetrum
against numerial noise and as small as neessary to prevent the inuene of unontrollable, artiial
anharmoni ontributions. An exemplary onvergene hek for Emax is shown in Fig. 3.5b. The
ratio
√
kl/ks is typially about 5-10 for the peptide hain. Thus a 5-10 times larger displaement
an be used for the low frequeny branhes if displaements in the eigenbasis of Kcyl(ϕ = 0) are
employed instead of the displaements in the Cartesian basis.
The three stages of the renement sheme
In order to eetively deouple the low frequeny modes from the high frequeny modes, prior
knowledge about the system is required, i.e., a rst guess for the dynamial matrix. For this reason
the renement alulation is embedded in a three stages sheme.
In the rst stage the dynamial matrix is alulated by means of the standard nite dierenes
proedure as desribed in Eqs. (3.36-3.38). Here a 2-fold smoothing is used to redue the XC
wiggles. The remaining numerial error in the frequenies after the rst stage has been estimated to
be about 15 cm−1 (Fig. 3.6a, dotted lines). The orresponding error in the vibrational free energies
is 0.8 kal/mol (per peptide unit) at 300 K (Fig. 3.6b, dotted lines).
In the seond stage the dynamial matrix is (re-)alulated by means of the renement proedure
as desribed in Eqs. (3.55-3.59). It is usually suient to perform the seond renement stage
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only for eigenvetors orresponding to the 5-10 lowest eigenvalues of Dc(ϕ = 0), whih orresponds
to the vibrational frequenies with ω < 300 cm−1. Thus the omputational eort of the seond
renement stage redues to about 30 perent of the omputational eort of the rst stage. The
auray after the seond stage is signiantly improved ompared to the rst stage: For the
vibrational frequenies the maximal error is about 10 cm−1(Fig. 3.6a, dashed lines), the error in
the orresponding vibrational free energies at 300 K is redued to about 0.2 kal/mol per peptide
unit (Fig. 3.6b, dashed lines). However, for some spei appliations, for example for a omparison
of the relative thermodynami stability between the helial onformations the auray is still not
suient.
The remaining error is exlusively loated in the low frequeny branhes with ω < 100 cm−1.
To further improve the auray, it is therefore suient to fous on this part of the vibrational
spetrum. In the third stage of the TSR sheme suh low frequenies are re-alulated by diretly
sampling the Born-Oppenheimer surfae (BOS) along the orresponding vibrational eigenmodes
Lcelli of the dynamial matrix D
cell
:
DcellLcelli = ω
2
iL
cell
i . (3.60)
Here, the supersript ell refers to the dynamial matrix and eigenvetors in the real-spae notation
orresponding to the superell (see Appendix, Se. 6.6.2).
To sample the BOS we use here a 4-fold smoothing of the XC wiggles, in ontrast to the stages
one and two, where a 2-fold smoothing has been used. The BOS is sampled along the eigenmodes
at ve equidistant points and the frequenies are obtained by means of a harmoni t through these
ve points. The maximum error in the vibrational frequenies after the nal stage of the TSR
sheme is about 3 cm−1 (Fig. 3.6a dotted lines, and Fig. 3.3). The error in the orresponding
vibrational free energies at 300 K is about 0.03 kal/mol per peptide unit (Fig.3.6b, dotted lines).
This numerial auray is suient, but also neessary to perform a meaningful thermodynami
stability analysis of the peptide hain.
3.4.4 Sum rules and long-wavelength limits
The symmetry redued dynamial matrixDc(ϕ) (Eq. (3.34)) and the phonon dispersion relation are
thus determined using the dynamial matrix Dc(n) that was obtained by means of the TSR sheme.
Despite the eort that has been paid to redue the numerial noise in the dynamial matrix, still
a problem remains, whih appears for the aoustial branhes at the long-wavelength limits ϕ→ 0
and ϕ → ±Θ. These branhes are not exatly zero at the long-wavelength limits, as they should
be aording to the geometrial sum rules (Se. 2.6.4). Further, the asymptoti behavior is rather
disontinuous and unphysial (Fig. 3.7a, dotted lines).
To solve this problem, rst the noise is eliminated diretly at the long-wavelength limits by
applying the sum rules, as is explained in the Appendix (Se. 6.6.3), whih, by onstrution, makes
the long-wavelength limits equal to zero. However, the problem still remains for the asymptoti
behavior of the aoustial branhes in the proximate surrounding of the long-wavelength limit. In
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Figure 3.7: a) Aoustial branhes, as alulated for the poly-glyine 310-helix: with (dashed lines)
and without (dotted lines) applying the geometrial aoustial sum rules (Eq. (6.69)). b)
Aoustial branhes after Eq. (3.34) has been replaed by a spline interpolation for the
long-wavelength region of the aoustial branhes (solid lines). The negative frequeny
axis in the plot has been hosen to plot the imaginary frequenies. ) Slopes of the
rst (blue line) and seond (blak line) aoustial branh at the long-wavelength limit
ϕ → 0 plotted against the number of helix turns, nturns, inluded in the superell. d)
Corresponding plot for the urvature of the rst aoustial branh at the long-wavelength
limit ϕ→ Θ.
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partiular the rst vibrational branh is problemati in the region lose to Θ (Fig. 3.7a and b,
dashed lines). To solve this problem the aoustial branhes as given by Eq. (3.34) are replaed by
a ubi spline interpolation in the proximate surroundings of the long wavelength limits (Fig. 3.7b,
solid lines). The boundary values of the spline interpolation are hosen to smoothly migrate into
the interpolation of Eq. (3.34) on the one side and to meet the long-wavelength onditions on the
other side.
To verify the validity of the interpolation sheme, we have performed respetive onvergene
tests for the long-wavelength limits of the aoustial branhes using the SCCDFTB approah (Se.
6.2.2). As a test system we hose the poly-glyine 310-helix. Figs. 3.7 and d show the long-
wavelength limits plotted against the number of helial turns, nturns, inluded in the superell10.
A smooth and monotonous behavior is observed for nturns ≥ 3, whih veries the reliability of the
used interpolation sheme. We remark that the long wavelength limits are not ompletely onverged
even for nturns = 6, whih is supposed to be due to long-ranged (ooperative) eets aompanying
the aoustial branhes. However, it was found to be suient to inlude only three helial turns
in the superell to ahieve onvergene in the thermodynami properties (details in the Appendix,
Se. 6.1.1).
3.4.5 Grüneisen-Mie equation of state
To investigate the thermal expansion of the peptide hain with respet to the helial parameters L
and Θ and the orresponding orretions in the free energy, the Grüneisen-Mie equation of state
(Eq. (2.122)) is solved for a given temperature T (and pressure p = 0). To solve Eq. (2.122) the
quasi harmoni free energy surfae (Eq. (2.119)) is ompletely parametrized. The Eq. (2.122) an
then be solved in a post-proessing stage without the need to perform any further DFT alulation.
In a previous projet it has been found that the oupling of the two lattie parameters in the BOS
is negligible [50℄. Thus it is a valid approximation to parametrize the BOS as follows:
Eel(L,Θ) = Eel(L0,Θ0) + E
murn(L) + Emurn(Θ), (3.61)
Here L0 and Θ0 are the helial parameters orresponding to the loal minimum of the PES and
Emurn are Murnaghan funtions:
Emurn(x) =
kxx
kx′(kx′ − 1)
[
kx
′
(1− x0
x
)− (x0
x
)k
x′ − 1
]
, (3.62)
with x being either L or Θ and:
kx := x
d2Eel(L,Θ)
dx2
; kx
′
:=
dkx
dx
. (3.63)
10
We expet nturns to be a suitable ontrol parameter to monitor the quality of the interpolation sheme at the long
wavelength limits, sine the extend of the interpolated region of the long-wavelength limit an be systematially
redued by inreasing this parameter ( nmax in Eq. (3.34) is proportional to nturns).
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The free parameters of the Murnaghan equation are optimized to t the (L,Θ)-PES in the viinity
of the loal minima orresponding to the various equilibrium onformations of the peptide hain.
The Murnaghan funtion has been found to aurately reprodue the BOS in the region, in whih
the thermal expansion takes plae.
The vibrational free energy F vib(L,Θ) is parametrized within the framework of the Grüneisen
theory, i.e., by means of linear Grüneisen parameters (Eq. (2.121)). The linear Grüneisen parame-
ters for the L-dependene and the Θ-dependene are determined for eah phase angle ϕ by a nite
dierenes approah:
γxi (ϕ) = −
∂ωi(ϕ)
∂x
x
ωi(ϕ)
≈ ωi(x+∆x)− ωi(x−∆x)
2∆x
x
ωi(ϕ)
, (3.64)
where x an be either L or Θ.
3.5 Thermodynami integration
In the previous setions we have desribed how the eletroni groundstate and the vibrational
properties of the peptide hain in the (quasi-)harmoni approximation have been obtained. Going
now beyond the harmoni approximation to inlude also anharmoni eets onstitutes a further
signiant extension of the methodology applied in this study, sine it enters the eld of moleular
dynamis simulations, as will be desribed in this setion. Following Eqs. (2.126-2.127) the free
energy inluding all anharmoni eets is given by:
F ah(T,L,Θ) = F harm(T,L,Θ) +
∫ λ=1
λ=0
dλ
〈
∂U(λ)
∂λ
〉
λ,Θ,L,T
, (3.65)
where:
U(λ,X) = λEelg (X) + (1− λ)X ·K ·X†. (3.66)
Here, F harm(T,L,Θ) is the free energy in harmoni approximation, X denotes the atomi on-
guration, Eelg (X) denotes the Born-Oppenheimer surfae, and K is the Hessian matrix (,i.e., the
Born-Oppenheimer approximation in harmoni approximation).
To determine the anharmoni orretion several steps have to be performed: Most important, the
aquisition of the statistial average 〈
∂U(λ)
∂λ
〉
λ
(3.67)
is required for a (suiently large) number of λ values. Having a proper sheme to determine them
is of ruial importane for the eieny of the thermodynami integration, as is disussed in Ses.
3.5.1 - 3.5.3. In Se. 3.5.4 we present the sheme we implemented for this purpose, i.e., the Langevin
dynamis (LD). A ruial point for the eieny of the LD simulation is the hoie of the frition
parameter  in Se. 3.5.6 it is disussed how the optimum frition parameter has been found.
The shemes to determine the orrelation time from a Langevin dynamis run and to parallelize
a Langevin dynamis run are desribed in the appendix (Ses. 6.3.2 and 6.3.3, respetively).
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3.5.1 Thermodynami averages
For performing a thermodynami integration the main omputational task is to alulate the ther-
modynami averages
〈
∂U(λ)
∂λ
〉
λ
for a given oupling parameter λ. In the eld of omputer simulations
thermodynami averages are ommonly alulated from a nite series of data points:
A =
∑N
n=1An
N
. (3.68)
Here, the index n ounts a total number of N mirosopi states Xn of the system and An = A(Xn)
is the observable of interest.
We assume that the series {Xn} has been extrated from the anonial ensemble orresponding
to the system of interest. Canonial means here that the simulation sheme would, in the innite
limit, generate the anonial ensemble orresponding to the system. Then we may write:
〈A〉 = limN→∞A, (3.69)
i.e., in the innite limit the geometri average of the observable over the series {Xn} orresponds
to the true thermodynami average 〈A〉. In any ase of a nite series {Xn} the orresponding
geometri average deviates from the true thermodynami average within a ertain statistial error
bar. More preisely 〈A〉 falls within the range of values
〈A〉 = A± aN s√
N
, (3.70)
with a probability that depends on aN , where aN is a parameter of the Student's distribution for
N − 1 random variables11 and s2 is the variane:
s2 =
∑N
n=1
(
An −A
)2
N − 1 . (3.71)
We remark, however, that in pratie, for many simulation shemes a properly long equilibration time
is required to approah the thermal equilibrium. This ensures that the measured thermodynami
average is independent of the initial onditions of the simulation.
Besides the thermal equilibration, a further fundamental prerequisite for the Eqs. (3.67) and
(3.69) is the statistial independene of the individual quantities An. This demand is not at all
trivial. In most appliations the data points stored in the series {Xn} are highly orrelated with
eah other and onsequently only a small portion of the output may be used for prodution, while a
major part must be thrown away. It is in fat one of the main hallenges on an eient simulation
sheme to, if possible, redue the orrelation length of the output data set. The orrelation length
is dened as the distane from a data point in the series {Xn} beyond whih there is no further
orrelation of the physial observable assoiated with that point.
11
A omplete table for the a′Ns ranging from N = 1...∞ and ondene intervals of 75% to 99.95% an be found for
instane on http://en.wikipedia.org/wiki/Student's_t-distribution.
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3.5.2 Choie of the simulation sheme
To generate a nite series {Xn} of ongurations representing the thermodynami ensemble various
dierent shemes have been developed in the past. These shemes an be roughly divided into two
lasses: the rst lass is given by the Monte Carlo (MC) shemes (MC) and the seond lass is
given by the moleular dynamis (MD) shemes. A strit division is not possible, sine, in many
ases, shemes of the one lass are extended by elements haraterizing the other lass. However, a
brief introdution of the most rudimentary forms of MC and MD, respetively, is helpful to explain
the main hallenges towards an eient simulation sheme to determine thermodynami ensemble
averages.
Monte Carlo shemes emphasize the importane of randomness for the anonial ensemble. Here,
the series {Xn} is generated exlusively through random numbers. A pure Monte Carlo sheme has
the advantage that the generated series of mirostates is (by denition) ompletely de-orrelated.
However, it has the disadvantage that it neglets any prior knowledge of the system in form of
the potential energy funtion. The majority of systems generated by MC thus have an energy
very dierent from the average value, therefore a major part of the omputational time is wasted
in alulating these mirostates. This is expressed in a very large variane (Eq. (3.70)) on the
alulated thermodynami averages. MC shemes are therefore usually onneted with importane
sampling methods, as e.g. the Metropolis-Hastings algorithm [118℄.
In ontrast to Monte Carlo shemes, Moleular dynamis shemes emphasize the importane of
the potential energy funtion, i.e., the physial oherenes haraterizing the system. The series
{Xn} is generated based on solving the Newtonian equations of motion. Thermal utuations
are generated either, in the ase of deterministi dynamis by onneting a thermostat or a hain
of thermostats, [119, 120, 121℄, or, in the ase of stohasti (Langevin) dynamis by introduing
a random fore (more details in Se. 3.5.4). Moleular dynamis shemes usually generate highly
orrelated data series, in ontrast to Monte Carlo shemes. Thus, a major part of the omputational
time is wasted in de-orrelating the time series. However, they have the advantage to impliitly
ontain importane sampling, i.e., the MD trajetory is automatially biased towards onformations
that are signiantly populated at equilibrium. Another advantage is that in ase of self-onsistent
eld approahes (like DFT) the strong orrelation of the suessive elements in {Xn} enables the
appliation of eient extrapolation shemes for the eletroni wavefuntion and/or eletron density,
whih signiantly redues the eort in the eletroni loop (Se. 3.5.5).
We have therefore deided to implement a MD type algorithm to determine the thermodynami
averages.
3.5.3 Comparison of Nose-Hoover dynamis and Langevin dynamis
We have implemented two dierent MD shemes and ompared with one another: the Nose-Hoover
dynamis [119, 120, 121℄ and the Langevin dynamis. The Nose-Hoover sheme orresponds to a
standard deterministi moleular dynamis shemes, in whih the anonial ensemble is realized by
means of (thermal) osillations of the total energy, as triggered by a thermostat (see Ref. [111℄ for
more details). In ontrast, the Langevin sheme orresponds to a stohasti moleular dynamis
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Figure 3.8: The statistial averages
〈
∂U
∂λ
〉
λ
along the thermodynami integration path determined
with Langevin dynamis (blak lines) and Nose Hoover dynamis (red lines). As test
system a poly-glyine FES and the SCCDFTB potential was used. Shown are the
statistial averages after simulation times of 1 ps (dotted lines), 2.5 ps (dashed lines),
and 50 ps (solid lines).
sheme, i.e., the anonial ensemble is here realized by means of a stohasti random fore. We
remark that the latter approah shows a dramati inrease in the omputational eieny as om-
pared to the former sheme. This is demonstrated in Fig 3.8 for an exemplary test system, i.e., the
poly-glyine FES (as potential we used the SCCDFTB approah , see Se. 6.2.2): The statistial
averages are muh more rapidly onverging for the Langevin dynamis than for the Nose-Hoover
dynamis. In partiular, for potentials U(λ) with strong harmoni ontributions, i.e., where λ < 0.3
we ould not equilibrate the system at all, when using Nose-Hoover dynamis
12
. The equilibration
and orrelation times we obtained with the Langevin dynamis were, in ontrast, largely indepen-
dent of λ and for any λ muh shorter as the orrelation times found for Nose-Hoover dynamis. We
thus deided to use the Langevin dynamis.
3.5.4 Langevin dynamis
The Langevin equations of motion are stohasti equations of motion:
mIX¨I(t) = FI(t)− γX˙I(t) +RI(t), (3.72)
i.e., they orrespond to the Newtonian equations of motion, extended by a stohasti fore term
−γX˙I+RI , where RI is a random fore, generated by a Gaussian distribution, and γ is the so alled
frition parameter and will be disussed further below. One an show by means of the utuation
dissipation theorem that the phase spae trajetory of the Langevin equations of motion orresponds
12
This problem is related to a well known deieny of the Nose-Hoover sheme: it is not ergodi for harmoni
osillators [120℄. The problem an be solved by using so alled Nose-Hoover hains [122℄. However, this sheme
has not been implemented for this projet, sine satisfying results were already obtained by the Langevin dynamis.
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to the lassial anonial ensemble, provided the random fore satises at any time the relations:
〈RI〉 = 0 and
〈
R2I
〉
= 6NkBTγ. (3.73)
Here, 〈RI〉 and
〈
R2I
〉
denote the mean value and the variane of the time evolution of the random
fore, respetively, and N denotes the number of atoms.
The Langevin dynamis may thus be used to evaluate the anonial thermodynami averages〈
∂U
∂λ
〉
λ
(see Eq. (3.67)). However, the Langevin equations of motion are based on a lassial piture
of the motion of the ion ores. Thus quantum mehanial eets (like zero point vibrations) are
ompletely exluded. The approah is therefore invalid for low temperatures and it has to be (and
will be) veried that the temperature at whih it is applied falls into the lassial regime.
3.5.5 The BBK sheme
To integrate the Langevin equations of motion the van-Gunsteren-and-Berendsen (vGB) -sheme
[123℄ has been implemented. This algorithm is, like any other moleular dynamis integration
sheme, based on a disretized treatment of the time evolution, i.e., a nite time step ∆t. The
integration of the physial fores in this algorithm is equivalent to the integration of the fores in
the Verlet algorithm, whih is a widely used and eient integration algorithm for deterministi
MD. This implies that the (vGB)-sheme is sympleti and thus stable for long simulation times.
Further, the size of the nite time step∆t applied to integrate the equations of motion is only limited
by the fastest osillation of the system, but not by the stohasti utuations. For our simulations
we have used a timestep of ∆t = 1.8 fs, whih orresponds to about a fth of the osillation period
of the Hydrogen strething modes, whih are the fastest osillations in the peptide hain.
The expliit formulas of the vGB-sheme an be found elsewhere [123℄. Instead, we restrit on
outlining the integration algorithm as desribed in Ref. [123℄. A single iteration in the integration
yle is divided into ve steps:
1. Assume that, for the atual time step tn, the atomi positionsX(tn), andX(tn−1), the random
variables Xrndn−1(tn−1,∆t)
13
and the Hellmann-Feynman fores F(tn−1) are known (from the
previous time step). In the rst step of the iteration use Xrndn−1(0,∆t) = 0.
2. Evaluate the Hellmann-Feynman fores F(tn) = F(X(tn)).
3. Compute the derivative of the Hellmann-feynman fores from:
F˙(tn) = [F(tn)−F(tn−1)]/∆t. (3.74)
4. Sample the random variable Y from a Gaussian with zero mean and a width aording to Eq.
13
In order to be onsistent with the previous hapters the notation used here slightly deviates from the notation
used in Ref. [123℄. We use apital X's to desribe atomi positions, whereas Ref. [123℄ uses small x's. Further
we mark the random variables with a super-sripted 'rnd', whereas Ref. [123℄ uses apital X's to desribe the
random variables.
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(2.15) in Ref. [123℄ and alulate the random variable:
Xrndn (tn,−∆t) = Xrndn−1(tn,∆t)
G(γ∆t)
C(γ∆t)
+Y, (3.75)
with the quantities G(γ∆t) and C(γ∆t) from the Eqs. (2.17) and (2.18) in Ref. [123℄,
respetively. Sample Xrndn (tn,∆t) from a Gaussian with zero mean and a width aording to
Eq. (2.12) in Ref. [123℄. Note that the widths of the Gaussian distributions generating the
above random variables are funtions of the temperature T , the frition parameter γ and the
time step ∆t. Calulate the new ioni positions
X(tn+1) = X(tn) (1 + exp(−γ∆t))−X(tn−1) exp(−γ∆t)
+ M−1F(tn)(∆t)
2(γ∆t)−1 (1− exp(−γt))
+ M−1F˙(tn)(∆t)
3(γ∆t)−2
(
1
2
γ∆t (1 + exp(−γt))− (1− exp(−γt))
)
+ Xrnd(tn,∆t) + exp(−γ∆t)X(tn,−∆t). (3.76)
5. Calulate the veloities X˙(tn) aording to Eq. (2.22) in Ref. [123℄ .
Note that in step (2) the ioni fores have to be alulated, whih denotes (in ase of DFT alula-
tions) by far the most time onsuming step of the iteration, sine, in priniple, a omplete eletroni
self-onsistent loop has to be performed. A proper hoie of the initial guess for the wavefuntion
and the harge density is thus ruial. To improve the initial guess, a linear extrapolation sheme
for the wavefuntion has been implemented [110℄:
Ψ′n,k(X(tn+1)) = Ψn,k(X(tn)) + α(Ψn,k(X(tn))−Ψn,k(X(tn−1)), (3.77)
where α is a tted parameter that is optimized to minimize the quantity:
|X(tn+1)−X′(tn+1)| = |X(tn+1)− (1 + α)X(tn) + αX(tn−1)|. (3.78)
By employing this extrapolation the omputational eort is redued by approximately a fator of
two ompared to the ase in whih the initial guess is taken to be the onverged wavefuntion of
the preeding step in the LD simulation.
3.5.6 Choie of the frition parameter
The hoie of the frition parameter γ (Eq. 3.71) is ruial for the LD simulation. The value for
the anharmoni orretions to the vibrational free energy, ∆F ah, may onverge to a wrong value if
γ is hosen from an unfavorable interval14. Moreover, the omputational eort strongly depends on
γ. Thus the value of γ should be adequate, to save omputational resoures, but suh that the LD
simulation onverges to orret values.
14
In priniple, the value of ∆F ah should onverge to the same, orret value for any hoie of λ. However the
alulation shows that this is not the ase in pratie, as is disussed below.
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Determination of a validity region of the frition parameter
To determine the validity region for γ, we have performed two LD simulations for the poly-glyine
FES as a representative test system. In both simulations the referene thermodynami state or-
responds to the harmoni potential as alulated within the SCCDFTB approah (Se. 6.2.2),
whereas the target thermodynami state is hosen to be dierent in the two simulations: For the
rst simulation (Fig. 3.9a) the harmoni potential resaled with a fator of 0.8 is used as target
potential, whereas for the seond simulation (Fig. 3.9b) the real SCCDFTB potential is used.
We start with the disussion of the rst simulation. Here, the free energy dierene ∆F ah an
be alulated exatly, sine both, referene and target potential are harmoni. Further, we may, of
ourse, determine ∆F ah with the thermodynami integration. Fig. 3.9a shows, however, that only
for a frition parameter with
γ < 1 (3.79)
the value for ∆F ah onverges to the expeted value: When γ is not taken from this interval, the
simulation does not onverge to the expeted value even after 106 simulation steps (Fig. 3.9a, blak
line). This behavior an be understood in terms of the `ollision frequeny' ζ :
ζ = γ/M eff . (3.80)
Here M eff is an eetive mass and may be identied with the redued masses assoiated to the
eigenmodes of the peptide hain. For the high frequeny (hydrogen strething) vibrations it holds
that M eff ≈ 1. To transform the upper bound for the frition parameter γmax = 1 to a respetive
upper bound for the ollision frequeny, we substitute γmax = 1 and M eff = 1 into Eq. (3.78) and
obtain (after unit onversion) an upper bound for the ollision frequeny of ζmax = 3000 cm−1.
Hene the upper bound for the ollision frequeny (approximately) orresponds to the value for
the highest frequeny vibrations of the peptide hain. We onlude that the validity region for γ is
determined by the vibrational spetrum of the peptide hain. In other words, the ollision frequeny
triggering the random fore in Eq. (3.71) must be in resonane with the vibrations of the system.
One may argue that the behavior for γ > 1 in the rst simulation ould be an artifat due to the
fat that both, the target and the referene potential, are harmoni. However, qualitatively the
same behavior is observed also for the seond simulation with the real anharmoni SCCDFTB
energy surfae as target potential (Fig. 3.9b). Thus to obtain reliable results for the anharmoni
orretions to the free energy of the peptide hain, the frition parameter γ has to be hosen suh
that the ollision frequeny lies within the vibrational spetrum of the peptide hain.
Determination of the most eient frition parameter
To determine the optimum γ within the validity interval, rst the total number of time steps of the
Langevin dynamis, τ sim, required to reah onvergene within a desired statistial error bar ∆F err
is estimated. Aording to Eq. (3.69) ∆F err is given by:
∆F err =
a2ns
τ ind
. (3.81)
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Figure 3.9: Anharmoni free energy ontributions ∆F ah = F ah − F harm at room temperature,
as evaluated by thermodynami integration for dierent frition parameters γ in the
Langevin equations of motion (Eq. (3.71)) and for dierent simulation lengths: 103 steps
(blue lines), 104 steps (green lines), 105 steps (red lines) and 106 steps (blak lines). The
referene potential is, in both a) and b) given by the harmoni potential as evaluated
within the SCCDFTB approah for a poly-glyine FES in a superell ontaining four
peptide units. The target potential is dierent between a) and b): In a) the target
potential orresponds to a harmoni toy potential resulting from a resaling (softening)
of the dynamial matrix with a fator of 0.8. In b) it is the real SCCDFTB potential
energy surfae. The dotted lines denote referene values: In a) it is the expeted free
energy dierene in between the target and the referene potential as alulated from
the dierene of the two harmoni potentials. In b) it is the best guess for the free
energy dierene as determined after 105 simulation steps with γ = 0.01.
83
3 Implementation
Here, an is the Student's parameter, s is the variane as dened in Eq. (3.70), and τ
ind
is the number
of statistially independent data points ontained in a Langevin dynamis trajetory {Xn}. Sub-
stituting τ ind = (τ sim∆tmax/tcor) into Eq. (3.79), where τ sim is the number of required simulation
steps, ∆tmax is the maximum time step, and tcor is the orrelation time (see below), reveals:
τ sim(γ) =
an
∆∆F
· st
cor
∆tmax
∝ s(γ)t
cor(γ)
∆tmax(γ)
. (3.82)
The amount of omputational time is proportional to τ sim, hene we dene the eieny, υ(γ), as:
υ(γ) =
(
s(γ)tcor(γ)
∆tmax(γ)
)−1
. (3.83)
The eieny υ(γ) reahes its maximum for the optimum frition parameter. To determine this
point we have determined the three quantities tcor(γ) (Fig. 3.10a), s(γ) (Fig. 3.10b) and tmax(γ)
(Fig. 3.10) for various γ values inside the validity region (Fig. 3.10). The variane s(γ) and
the orrelation time tcor(γ) have been obtained by means of the method of minimum statistial
ineieny [124℄ (see Appendix, Se. 6.3.2). The quantity tmax(γ) is taken as the maximum time
step at whih the LD simulation is generating a stable trajetory.
For both simulations we found an optimum frition parameter of γ ≈ 1 · 10−2 (Fig. 3.10d). The
orresponding ollision frequeny is loated in the low frequeny part of the vibrational spetrum
of the peptide hain. We onlude that, in order to obtain an eient sampling of the part of the
phase spae relevant for estimating the free energy, the random fore must be in resonane with the
low frequeny modes of the peptide hain. For all LD simulations of this projet we have in the
following used the frition value γ = 1 · 10−2.
3.5.7 Generalized Simpson's rule
One the quantity
〈
∂U
∂λ
〉
λ
has been obtained for a suiently large number of λ-values the free energy
dierene between the referene (harmoni) and target potential is determined from Eq. (2.126).
To perform an eient interpolation between the sample points of the integral in Eq. (2.126), it
is important to employ a sheme that inorporates the non-linear progress of the quantity
〈
∂U
∂λ
〉
λ
.
Therefore, we employ the generalized Simpson's rule [125℄ to integrate Eq. (2.126), whih uses
quadrati polynomials for the interpolation. Using the Simpson's rule, sampling
〈
∂U
∂λ
〉
λ
with only
ve points is suient to redue the error arising from the disretization of the integration to less
than 0.05 kal/mol per peptide unit (at room temperature).
To distribute the sampling points for the integration in an eient way, rst a SCCDFTB alula-
tion (Se. 6.2.2) is performed for the system of interest using a very dense sampling mesh ontaining
more than twenty points. From this mesh the ve most representative points are hosen
15
. The
DFT alulations are then performed on the mesh ontaining these ve most representative sampling
15
The importane of a given sample point is determined by evaluating the absolute dierene between the thermo-
dynami integral alulated for the mesh without this sample point and the thermodynami integral alulated
for the full mesh.
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Figure 3.10: Parameters and quantities with relevane for the eieny of the Langevin Dynamis
simulation as a funtion of the frition parameter γ: a) Correlation time tcor, b) vari-
ane s, ) maximal time-step ∆tmax, and d) the eieny as dened in Eq. (3.81).
These quantities have been determined for a poly-glyine FES in a superell ontaining
four peptide units for the SCCDFTB potential (blak lines) and for the orresponding
harmoni potential (red lines). In ) the red and blak lines are superimposed.
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points.
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4 Results
Having disussed the relevant theoretial onepts underlying this study and their implementation,
we now fous on the presentation and interpretation of the results.
First, to validate the auray of our approah, we determine the phonon dispersion relation of
a prototypial system, the poly-L-alanine α-helix, and ompare it to experimental literature data
(Se. 4.1). Furthermore, the results for the α-helix are also ompared to previous theoretial studies,
whih were based on the fore eld approah.
The study is then extended to inlude the other two experimentally observed helix types, i.e, the π-
and the 310-helix, and the unfolded onformations, i.e., the FES and the 27-struture. By alulating
the free energies in the harmoni approximation, thermodynami trends for these onformations are
identied and key aspets of the stability  whether a helix is stable at room temperature, and, how
the relative stability of the three helix types depends on temperature  are examined (in Se. 4.2).
In Ses. 4.3 and 4.4 the thermodynami trends are investigated in detail. An analytial ball-and-
spring model is introdued to analyze the three lowest vibrational branhes of the peptide hain,
whih determine the main part of the thermodynami trends. By deriving expliit spring onstants
for this model, the eet of the formation of the hydrogen bonding network on these vibrational
branhes is evaluated and is ompared with the eet due to the hanges in the bakbone stiness
of the peptide hain. Moreover, analytial formulae are derived to desribe the long-wavelength
limit of the aoustial branhes. This desription allows for a straightforward interpretation of the
thermodynami trends and elasti properties of the helies.
In Se. 4.5 the eet of the side hain is analyzed by studying the glyine peptide hains and
omparing the results with respet to L-alanine. Aording to the experimental results, glyine
is, in ontrast to L-alanine, a weak helix former. To hek whether these dierenes are due to
dierenes in the vibrational properties, a detailed omparative analysis between L-alanine and
glyine is performed.
Finally, in Se. 4.6 the eet of anharmoniity is investigated. The thermal expansion for various
onformations is determined by applying the quasi-harmoni approximation. Moreover, anharmoni
orretions to the free energy are determined by means of the thermodynami integration approah.
4.1 Phonons and spei heat of the α-helix
In Chapters 2 and 3, two basi approximations have been introdued to failitate an eetive desrip-
tion of the eletroni struture of the peptide hain. These are the PBE funtional to approximate
the exhange-orrelation interation and the pseudo-potential approah to approximate the inter-
ation of and with the ioni ores. To orretly evaluate the results of this projet, an estimation
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of the error in the desription of the vibrational frequenies and thermodynami properties of the
peptide hains due to these two approximations is inevitable. Therefore, we have omputed in this
setion the phonon dispersion and spei heat of the poly-L-alanine α-helix and ompared it to
experimental values from literature
1
. We have hosen the poly-L-alanine α-helix for this ompari-
son, sine L-alanine has a high propensity to form helies (e.g. [27℄) and thus oers the possibility
to synthesize long, regular helies (e.g. [56, 126℄). Therefore, the aording experimental results are
adequate for the omparison with the theoretial values for the innitely long helix
2
.
Our study is not the rst theoretial work on the poly-L-alanine α-helix. As mentioned in
the introdution (Se. 1.6) previous theoretial approahes based on empirial fore elds reveal
signiant shortomings in prediting the spei heat [55℄ of this system, implying substantial
errors in the low frequeny vibrational branhes. We therefore also ompare our results to these
previous theoretial works to validate whether or not our approah gives rise to new insights.
4.1.1 Comparison to experimental frequeny spetra
Both, vibrational and thermodynami properties of the poly-L-alanine α-helix have been experi-
mentally determined in the past [55, 56, 126, 127, 128, 129℄. We ompare here to the results from
Lee&Krimm [56℄ who obtained their experimental data points from polarized infrared (IR) and
Raman spetra. They prepared oriented lms of poly-L-alanine helies, either on a AgCl plate (for
the measurements from 500-4000 cm−1) or on a glass slide (for the measurements with ω < 500
cm−1). The residual solvent (dihloroaeti aid) was removed from the lm by extration with
diethyl ether or pure water followed by drying in a vauum oven at 40oC. However, indiations exist
that the drying was inomplete in the sense that residual solvent or water remained. This issue is
disussed below.
The omparison between our alulated phonon dispersion relation and the experimental results
of Lee&Krimm is shown in Fig. 4.1. Further, we have investigated the eigenmodes orresponding
to the vibrational branhes. A lassiation of the orresponding eigenmodes is given in Tab. 4.2,
for a graphial illustration see appendix, Fig. 6.8.
Conerning the agreement of experimental and theoretial results for the frequeny spetra we
have to dierentiate between the 28 optial branhes and the two aoustial branhes of the helix.
Comparison for the optial branhes
For the optial branhes we nd an exellent agreement of DFT with experiment, exept for a
small, systemati red-shift of the DFT values (Fig. 4.1). We remark that suh small systemati
disrepanies between ab-initio and experimental vibrational spetra are well known and have been
extensively disussed in the literature [130, 131, 132℄. It is thus a ommon pratie in the eld
of quantum hemistry to resale the theoretial values with a single, universal saling fator f cor,
1
A more diret way to validate the auray of the employed approah would be to ompare our results with more
aurate theoretial approahes, e.g. oupled luster, onguration interation or quantum Monte Carlo at the
basis set limit. Taking this way is, however, not possible due to the lak of reliable benhmark data.
2
Aording to Xie et al. the average moleular weight of poly-L-alanine samples used in experiment is 18 kD per
peptide hain, whih orresponds to an average of 253 peptide units per peptide hain [126℄.
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Figure 4.1: a) Comparison of the phonon dispersion relation of the poly-L-alanine α-helix (solid
line for saled frequenies, dotted line for un-saled frequenies) to experimental data
of Ref. [56℄ from polarized IR (triangles) and Raman measurements (irles). The bold
numbers on the right hand side denote the labels for the vibrational branhes as used
in the text and in Tab. 4.2. b) Comparison for the 4 lowest vibrational branhes to the
results of Ref. [56℄. Fore eld results from Ref. [56℄ are also shown (dashed line, from
Fig. 3 in [56℄).
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label type nomenlature
1-2 aoustial branhes -
3-9 bakbone vs side group r or tr -
10 bakbone t, N-H b Amide 5
11-13,17 bakbone t or b -
14-16 bakbone or Cα − Cβs, Cα −Hb -
18,19 bakbone s, N-H b Amide 3
20-23 Cβ −Hb -
24 N-C s, N-H b Amide 2
25 C-O s Amide 1
26-29 Cβ −Hs,Cα −H s Amide B
30 N-H s Amide A
Table 4.2: Qualitative lassiation of the vibrational branhes based on an analysis of the orre-
sponding eigenvetors. Notation: s = streth, b = bend, t = torsion, r = rotation, tr =
translation. The amide nomenlature is aording to Ref. [133℄. A graphial illustration
of the vibrational eigenmodes is presented in the Appendix, Fig. 6.8.
whih usually signiantly improves the agreement between theory and experiment [132℄. The
saling fator depends on the employed ab-initio methodology, in partiular the exhange-orrelation
approximation and the employed basis set. Further, it depends on the degree of anharmonity in
the respetive vibrational modes. It usually falls into the interval:
0.95 < f cor < 1.05. (4.1)
For the PBE funtional we have found an optimal saling fator of f cor = 1.02 by tting f cor to
optimize the agreement between theoretial and experimental values. Resaling the vibrational
spetrum with this fator (hange from dotted to solid lines in Fig. 4.1a) makes the deviations
between experiment and DFT largely disappearing  the remaining error is smaller than 15 cm−1
for the entire optial spetrum of the helix, in most ases the error is even smaller than 10 cm−1.
Nevertheless, exeptions are found for the branhes 10 and 11 with ω ∼ 700 cm−1, here the deviations
are about ∼ 50 cm−1 and for the high frequeny branhes 26 to 30 with ω ≈ 3000 cm−1 (Figs. 4.1a
and 6.8).
Let us rst disuss the deviations for the branhes 10 and 11: A possible explanation for the large
deviation of these branhes is the existene of residual water in the experimental speies investigated
by Lee&Krimm. In partiular the L2 libration of liquid water at 686 cm
−1
[134℄ is in resonane
with these branhes and is a andidate for perturbations of the orresponding helial vibrations.
3
We now disuss the deviations for the branhes 26 to 30 at ω ≈ 3000 cm−1. These branhes
exlusively orrespond to the hydrogen strething vibrations in the peptide hain, i.e., the N-H
3
This explanation is rather speulative, sine the amount of residual water attahed to the experimental speies is
unknown. Nonetheless the explanation is feasible, sine on the one hand no other resonanes exept that for the
L2 libration are found between the frequeny spetrum of liquid water and the mid frequeny spetrum of the
α-helix, and, on the other hand, no other branh from the mid frequeny region exept the branhes 10 and 11
shows suh a huge disrepany between experiment and DFT.
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strething branh (with id = 30) and C-H strething branhes (with ids = 26-29 in Figs. 4.1a and
6.8). In the following we all these ve branhes high frequeny branhes, while the remaining
optial branhes with id 3 to 25 we all mid frequeny branhes. In ontrast to the mid frequeny
branhes, the (un-saled) theoretial values for the high frequeny branhes are not red-shifted but
blue-shifted by up to ∼ 60 cm−1 with respet to experimental data. Consequently, a resaling
of the theoretial values with the fator f cor = 1.02, as has been derived above to optimize the
agreement for the mid frequeny branhes, leads to an over-orretion for the high frequeny
branhes. To provide an understanding of this dierent saling behavior, we reall that dierenes
between experimental and theoretial values are not only arising from the ab-initio error, i.e., the
approximated treatment of the eletroni system, but also from anharmoni ontributions, whih are
not inluded in our alulations. The fat that a single fator aurately desribes the saling for the
mid frequeny branhes indiates that these vibrations are dominated by the ab-initio error, sine the
ab-initio error is expeted to behave rather systematially. In ontrast, the high frequeny hydrogen
strething vibrations are expeted to ontain an over-proportional strong degree of anharmoniity,
whih ompensates or even exeeds the impat of the ab-initio error. Indeed it is well known that
strething vibrations involving hydrogen atoms ontain strong anharmoni ontributions, whih are
typially in the range of 100 − 200 cm−1 (Ref. [135℄) and most likely, due to the small hydrogen
mass, muh larger than the anharmoni orretions in the mid frequeny region.
To hek for this possibility we have estimated the anharmoni orretions for the lowest lying
C-H strething branh (with id=26) by means of a simple Morse osillator model (see appendix,
Se. 6.5). Indeed a strong anharmoni orretion of ∆ωah = −115 cm−1 has been found. Based on
this shift we determine a orretion fator exlusively due to the anharmoniity:
f cor,ah =
ωah
ωharm
= 0.96. (4.2)
Further, we determine a orretion fator exlusively due to the ab-initio error:
f cor,ab−initio =
ωah
ωexp
= 1.03. (4.3)
Thus, for the high frequeny hydrogen strething branhes the orretion fator f cor is dominated
by the anharmoniity rather than by the methodology to treat the eletroni degrees of freedom,
verifying the above explanation.
The fator f cor,DFT−PBE = 1.03 is very lose to the fator f cor = 1.02 we found for the resaling
of the mid frequeny branhes. This shows that the degree of anharmoniity is smaller for these
branhes than for the high frequeny branhes and that the ab-initio error an be orreted by a
single, universal saling fator.
Comparison for the aoustial branhes
For the two aoustial branhes the information available from the experiment of Ref. [56℄ is rather
limited. This is mainly due to a prinipal deieny of the spetrosopi methods: In the IR- and
Raman spetrosopy only vibrational modes at speial high symmetry points of the Brillouin zone
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(BZ) are optially ative. In ase of the α-helix the A-point at ϕ = 0◦ and the E1-point at ϕ = Θ
are both IR and Raman ative; the E2-point at ϕ = 2Θ, whih is degenerated with ϕ = 360
◦ − 2Θ,
is only Raman ative
4
. Thus, the rst aoustial branh is ompletely invisible to IR spetrosopy,
sine it is zero at the two IR-ative points A and E1. And Raman spetrosopy only marginally
resolves this branh at E2. The omplex, strongly dispersive shape for ϕ 6= E2 remains ompletely
in the darkness. For the seond aoustial branh the situation is slightly improved, sine, at
least in priniple, IR and Raman spetrosopy ould give information about its value at E1 and
E2. Aording to the remarks in Ref. [56℄, however, even these few data points are in pratie only
partially aessible, sine the IR bands in this frequeny region are very weak and only the Raman
bands are well determined. Thus Ref. [56℄ does not report any reliable experimental results below
the Raman ative ω(E2) = 84 cm
−1
. With respet to this (only) available experimental data point
for the aoustial branhes the DFT value is red-shifted by about 15 cm−1.
In priniple the problems onneted with the spetrosopi methods ould be partially overome
employing inelasti neutron sattering measurements (INS), sine this method (approximately)
delivers the phonon density of states, i.e., the omplete phonon dispersion relation integrated over
the reiproal spae. Nevertheless, we do not ompare our results to any experimental results
from INS, sine these studies [136, 137, 138℄ were not found to give any quantitative information
exeeding that given in the study of Lee&Krimm, neither with respet to auray nor with respet
to ompleteness.
Comparison to results from fore eld alulations
As mentioned in the introdution (Se. 1.6), previous theoretial approahes based on empirial
fore elds revealed signiant shortomings in prediting the spei heat [55℄ of the α-helix,
indiating substantial errors in the desription of the low frequeny vibrational branhes. We now
ompare our results to these data to hek, whether our approah may help to gain new insights.
We note that the overall agreement of the empirial fore eld models [54, 55, 56℄ with experiment
is, for most of the optial ative points of the vibrational Brillouin zone, similar to what we have
ahieved with DFT. However, in ontrast to the fore eld alulations, whih by onstrution
reprodue the vibrational spetra at available experimental data points (sine they are tted to
reprodue these points), DFT alulations are free of any experimental input parameter. Therefore,
it is more interesting to hek the auray of the fore eld models in the region not aessible in
experiment, i.e., away from the high-symmetry (optial ative) points in the Brillouin zone. The part
of the vibrational spetrum in whih deviations are most likely to our are branhes exhibiting large
dispersion and/or a omplex shape of the ω(ϕ) dependene. Indeed, we nd signiant deviations
between DFT and fore eld results for two types of suh branhes.
The rst type is given by the vibrational modes most diretly involved in the hydrogen bonds of
the helix, i.e., the Amide A, 1, and 2 branhes (Tab. 4.2, Figs. 4.5 and 6.8, with index 30, 25, and
24, respetively). Partiularly the dispersive splitting of the Amide A branh, whih we nd to be
4
Here, Θ denotes the helial twist angle (see Se 2.1).
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of the order of 32 cm−1, is ompletely absent in the fore eld alulations.
The seond lass is given by the two lowest branhes, the aoustial branhes, for whih we nd
signiant shifts with respet to the fore eld alulations: Compared to the latter our data are
blue shifted by up to 25 cm−1, as shown for the fore eld results of Ref. [56℄ in Fig. 4.1b. Similar
dierenes we nd, when omparing our results to the fore eld results published in Refs. [54, 55℄:
Also the aoustial branhes reported in these studies are strongly red-shifted with respet to the
DFT results.
4.1.2 Spei heat
As we will show in Se. 4.3, the two aoustial branhes primarily determine the temperature
dependene of the thermodynami stability of the helix. Unfortunately, a diret validation of the
auray of the theoretial approahes (DFT and fore elds) in prediting the dispersion of these
branhes annot be given due to the limited amount of experimental data (see above).
However, experimental data exist for a quantity that is determined predominantly by the low
frequeny branhes, i.e., the spei heat at low temperatures [139℄. A omparison to these ex-
perimental data allows for an indiret validation of the auray of the theoretial approahes in
prediting the aoustial branhes. Furthermore, it allows to hek, whether the deviations be-
tween fore elds and DFT for the aoustial branhes give rise to hanges in the thermodynami
properties.
We have therefore alulated the heat apaity:
CV =
(
∂Uvib
∂T
)
V
, (4.4)
and ompared this quantity to experimental data: Fig. 4.2 shows the alulated heat apaity
as funtion of temperature as obtained with DFT-PBE, together with experimental data [139℄
for rystalline α-helial poly-L-alanine and results from fore eld alulations [54, 55℄. We have
alulated the spei heat at onstant volume, whereas the experimental values are reported for
onstant pressure. However, the dierene between these quantities is small for low temperatures
[55℄ and has thus been negleted.
For the following disussion we onsider only the heat apaity for temperatures below 150 K.
For larger temperatures the experimental values show a drasti inrease in the spei heat, whih
has been reported to be an artifat of the experimental onditions, i.e., this inrease is most likely
due to residual water moleules in the poly-L-alanine sample rather than due to the internal motion
of the poly-L-alanine hains [55℄. A omparison for T > 150 K is therefore not meaningful.
As an be seen in Fig. 4.2, the agreement with experiment is signiantly improved for our
DFT results in omparison to the fore eld results. This implies that an improved desription
in the aoustial branhes has been ahieved. It is, furthermore, interesting to note that DFT
and fore elds exhibit not only a quantitative but also a qualitative dierene in the behavior of
the spei heat: Fore eld models predit in the low temperature region up to ≈ 50 K a linear
behavior (CV ∼ T ). Following the Debye law, this dependene is harateristi for a one-dimensional
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Figure 4.2: Spei heat of the poly-L-alanine α-helix: DFT values (solid line) ompared to exper-
imental values (stars, [139℄) and to fore eld alulations (dotted line, [54℄ and dashed
line, [55℄)
periodi rystal at low temperatures, whereas for two/three dimensional rystals a T 2/T 3 behavior
is predited, respetively. The deviation of the experimental data from the linear behavior has been
thus interpreted by inter-helix ouplings [55℄ in the rystal of poly-L-alanine, whih were expeted to
beome important at low temperatures. However, our results learly demonstrate that the deviation
from linearity is not due to inter-helix ouplings, but an intrinsi property of the isolated α-helix
and results from the strong dispersion of the low frequeny branhes.
We onlude that a fundamental dierene exists between the empirial fore eld studies [54,
55, 56℄ and our DFT approah regarding the treatment of the interations that determine the low
temperature spei heat and the two aoustial branhes. Later on in this hapter it beomes lear
that these shortomings of the fore elds are ultimately due to an insuient haraterization of
hydrogen bonding interations. To fully understand the disrepanies between fore eld and DFT
results, it is, however, rst neessary to understand, whih interations inuene the low frequeny
vibrations. The orresponding analysis and interpretations are given in Ses. 4.3-4.4 and in hapter
5, respetively.
4.1.3 Conlusions
To summarize this setion, the alulated phonon dispersion relation for the poly-L-alanine shows
exellent agreement with the experimental data: A onstant saling fator lose to 1 is suient
to obtain an agreement better than 10 cm−1 for the main part of the vibrational spetrum. For
the high frequeny hydrogen strething branhes the deviations between experiment and theory are
larger, mainly due to strong anharmoni ontributions in the strething modes involving hydrogen
atoms. Nevertheless, these ontributions are negligible for the thermodynami analysis in Ses. 4.3
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and 4.5, sine they largely anel out in the evaluation of quantities like dierenes in vibrational
free energies.
The omparison for the low frequeny region is inomplete due to the lak of experimental data.
For the only available experimental data point the DFT value is red-shifted by 15 cm−1. A disus-
sion of this disrepany between DFT-GGA and experiment remains speulative. Possible soures
are van-der-Waals attrations, whih are not properly desribed by urrent exhange-orrelation
funtionals (Se. 2.4.3) and ould lead to a hardening of the low frequeny fore onstants. Further
inter-helix interations may our in the experimental speies, but are absent in our study.
However, the omparison to experimental data shows that rst priniples alulations, as per-
formed in this projet, are ruial and allow an insight whih has not been possible by previous
experimental and theoretial approahes. The omparison to previous empirial fore eld alu-
lations, whih are optimized by means of available experimental frequeny data, shows that DFT
signiantly improves the desription of the low temperature spei heat. This implies that a sig-
niant improvement has been ahieved in prediting the aoustial branhes, whih in turn desribe
the mehanial/elasti properties of the system and dominate the vibrational ontributions to the
free energy, as will be shown in Se. 4.3. Furthermore, sine the resolution of the phonon-dispersion
relation of our approah exeeds experimental data (where only the high symmetry points A, E1
and E2 are aessible) the alulated data may be used to t a new generation of fore elds/model
potentials, whih in turn will then ontain an improved desription of the thermodynami properties
(free energy) of the peptide hain. An example for suh a model potential will be presented in Se.
4.4.
4.2 Stability analysis for poly-L-alanine
In the previous setion we have shown that our approah aurately desribes the thermodynami
properties of the helix. We now intend to address the basi questions on the helix stability as raised
in the introdution (Se. 1.3). First we fous on the poly-L-alanine hain and determine the free
energies of the thermodynami phases orresponding to the three experimentally observed helix
types, i.e., the α-helix, the π-helix, and the 310-helix. Further inluded is the 27-struture, whih
ompletes the study in terms of possible hb patterns and the FES whih laks hydrogen bonds and
serves as a referene system.
By evaluating the phase stability for these onformations we aim to answer the following funda-
mental questions:
1. Is the helial seondary struture motif intrinsially stable at room temperature?
2. How is the temperature dependene of the relative stability of the dierent helix types?
4.2.1 The fully extended struture as referene phase
A denition of the relative phase stability between two onformations is given in Eq. (2.56). For
onveniene we dene here the phase stability of the various onformations with respet to the
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Figure 4.3: a) Stability of the poly-L-alanine onformations with respet to FES as the temperature
inreases (Eq. (4.5)). The dotted lines denote the numerial unertainty (see also Se.
6.1.1). The horizontal bars and the arrows at the left hand side of the urves denote the
stati stability at 0 K and the zero-point vibrational orretions, respetively. Tr is the
room temperature and Tc is the ritial temperature, at whih the FES beomes more
stable than the helies. b) Dierenes in the vibrational free energy with respet to the
FES.
unstrained, fully extended struture (FES):
∆F fS(T ) = FS(T )− FFES(T ). (4.5)
Here, FS(T ) = F (T,LS ,ΘS) stands for the free energy per peptide unit of either one of the ve
analyzed onformations (whih are indiated with a subsripted 'S') and FFES(T ) is the free energy
of the FES. Following the Born-Oppenheimer approximation (Se. 2.3, 2.6.1) and the harmoni
approximation (Ses. 2.6.2) ∆F fS(T ) is given by:
∆F fS(T ) = ∆U
el
S +∆F
vib
S (T ), (4.6)
where
∆F vibS = ∆U
vib
S (T )− T ∗∆SvibS (T ). (4.7)
Here, ∆U elS is the dierene in total energy per peptide unit, ∆F
vib
S (T ) is the dierene in vibrational
free energy per peptide unit, and ∆SvibS (T ) and ∆U
vib
S (T ) denote the dierenes in entropi and
enthalpi vibrational ontributions to the free energy all with respet to the FES.
5
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4.2.2 Phase stability at elevated temperatures
We start the stability analysis realling the results for the stati stability of the bulk phases at 0
K (Se. 1.5
6
). Aording to these stati ontributions to the stability, ∆U elS , (Fig. 4.3a, Fig. 1.5)
all three helial onformations are energetially preferred over the FES, owing to the formation of
hydrogen bonds. The same applies to the 27-struture, although the energeti preferene is muh
smaller for this onformation than for the helies (Fig. 4.3a). The α-helix is the global minimum
of the potential energy surfae, thus it is the preferred onformation at 0 K with ∆U elα = −2.7
kal/mol per peptide unit. The π- and the 310-helix are almost degenerate to eah other and higher
in energy than the α-helix by about 0.5 kal/mol per peptide unit.
The zero-point vibrational orretions ∆UvibS (arrows in Fig. 4.3) make the helial onformations
slightly less stable with respet to the FES by ≈ 0.35 kal/mol and the 27-struture by 0.2 kal/mol.
However, the energeti ordering of the onformations remains. This result is onsistent with the
ndings reported for the α-helix in Ref. [59℄ (see also Se. 1.6).
At nite temperatures, a signiant hange in the stability is observed: A pronouned stabilization
by vibrational free energy ontributions of the FES with respet to the other hain onformations
makes it the thermodynamially most stable phase at temperatures above Tc = 470 K (Fig. 4.3a).
The 27-onformation is higher in free energy than the FES already for T > 200 K. Despite the small
dierenes in the stabilization energies, the trends shown in Fig. 4.3b learly reveal that the nite
temperature eets make the π-helix the least favored of the three helial onformations. At room
temperature it is nearly degenerated to the FES and will be unstable for T > 300 K. In ontrast,
the α- and 310- helix are still stable at room temperature by 1.0 kal/mol and 0.7 kal/mol per
peptide unit, respetively. A small relative stabilization of the 310-helix with respet to the α-helix
is observed. However, the α-helix remains the lowest free energy minimum at room temperature,
owing to its lower energy at T = 0 K.
The poly-proline-II struture
The thermodynami analysis presented above is omplete in a sense that it inludes all the strutural
onformations orresponding to (known) loal minima of the (L,Θ) potential energy surfae (Se.
1.5). However, we deided, in a late stage of the projet, to inlude a further strutural onformation,
the so alled poly-proline-II (PPII) struture. The PPII-struture is haraterized by a pith L =
5.92 Bohr and a twist Θ = 240◦ and is loated in the domain orresponding to the unfolded state
of the peptide hain. Reent studies, whih are based on a statistial analysis of random oil
segments as extrated from the protein data base, report a signiant population of this struture
[140, 141, 142℄ and it has been proposed that the PPII-struture might be harateristi for unfolded
proteins [143, 144, 145℄.
We remark that the PPII-struture does, in ontrast to the other strutures analyzed in this study,
not orrespond to a minimum with respet to the helial parameters L and Θ. Moreover, we nd that
5
In Eq. (4.6) eletroni entropy ontributions are negleted, whih is well justied sine the eletroni band gap is
huge (Ses. 2.3 and 2.6.1).
6
With a dierent notation for the total energy: Note that Eel(LS,ΘS) = U
el
S .
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it is strongly unstable with respet to the other onformations, sine it is higher in potential energy
than the FES by ∆U elPPII = 2.70 kal/mol per peptide unit. Nonetheless, we have investigated
this struture, to hek whether it ould be stabilized by vibrational ontributions. Indeed, we
nd that this struture has the lowest vibrational free energy of all analyzed onformations with
∆F vibPPII = −0.74 kal/mol. However, owing to its high potential energy, it remains a less stable
onformation also at room temperature. This result lets us presume that the signiant population
of the PPII-struture as reported in the experimental studies is due to the protein environment,
e.g., the solvent. Furthermore the results learly show that the PPII-struture is irrelevant for
the thermodynami state of the isolated, innite peptide hain, i.e., is not intrinsially stable at
the relevant temperature range. We will therefore largely exlude this struture from the further
analysis.
4.2.3 Stability of the helix against unfolding
Based on the knowledge of the phase stability of the various onformations we may also estimate
the stability of the helix against unfolding. Aording to Eq. (2.139) the stability of the helial
state against unfolding is given by:
∆F fhelix→unfolded ≈ µhelix − µunfolded, (4.8)
where µhelix is the hemial potential of the helial state (Eq. (2.138)) and µunfolded is the hemial
potential of the unfolded state (Eq. (2.136)). Following Se. 2.8.2 the unfolded state is approxi-
mately an ideal solution of the bulk phases orresponding to the unfolded domain of the (Θ, L)-PES.
These are the FES, and the PPII- and 27−struture. Thus, we obtain for the hemial potential of
the unfolded state at room temperature:
µunfolded ≈ µbulkFES − (kBT )300K ln
1 + non−helical∑
X 6=A
exp(−β∆F fFES→X)

= µbulkFES − (kBT )300K ln
(
1 + exp(−β∆F fFES→27) + exp(−β∆F
f
FES→PPII)
)
= µbulkFES − 0.60
kcal
mol
ln (1 + 0.73 + 0.04)
= µbulkFES − 0.35
kcal
mol
. (4.9)
Eq. (4.34) shows that the hemial potential of the unfolded state is ≈ 0.35 kal/mol lower than the
hemial potential of the FES. Hene adding the 27-struture and PPII-struture to the unfolded
state does not substantially lower the hemial potential of the unfolded state with respet to the
that of the FES.
Aording to Eq. (2.138) the hemial potential of the helial state is approximately given by the
helial bulk phase with the lowest free energy. At room temperature this is the α-helix:
µhelix = µbulkα−helix (4.10)
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Hene, the stability of the helial state against unfolding at room temperature amounts to:
∆F fhelix→unfolded ≈ µhelix − µunfolded
= µbulkα−helix − µbulkFES + 0.35
kcal
mol
= ∆F fα−helix→FES + 0.35
kcal
mol
= −0.65kcal
mol
. (4.11)
We onlude that the helial state will be stable at room temperature.
4.2.4 Conlusions
Our results on poly-L-alanine verify that vibrational ontributions to the free energy play a key
role for the stability of the helix in the biologially relevant temperature range, as they strongly
redue the phase stability of the folded, helial onformations with respet to the fully extended
struture of the peptide hain  they thus ounterat the enthalpi stability of the helies due to
the formation of hydrogen bonds.
Nevertheless, the hydrogen bonds are still suiently strong to make the α-helix the most stable
bulk phase at room temperature. We thus onlude that a long, single-stranded and isolated poly-
L-alanine hain will fold to an α-helix at room temperature. This onlusion remains also valid,
when we replae the FES by a more realisti referene for the unfolded state. We found that the
27-struture and the poly-II-proline struture are signiantly higher in free energy than the FES
at room temperature. The unfolded state of the peptide hain is thus strongly dominated by the
FES. Therefore the hemial potential of the unfolded state is not substantially lower than that of
the FES.
Furthermore, our results learly reveal a signiant temperature dependene of the relative sta-
bility between the three helix types. The π-helix exhibits the strongest temperature dependene
amongst the three helix types. In ontrast to the 310- and the α-helix it is, with respet to the free
energy, almost degenerate to the FES at room temperature (and higher than the unfolded state).
Hene, our results may be used to rationalize why the population of π- and 310-helies varies with
temperature as well as to explain why the π-helial motif is the least ommon of the helial onfor-
mations in proteins. What is still missing, however, is an identiation of the mehanisms whih
drive these thermodynami trends.
4.3 Origin of the thermodynami trends
In order to identify the origin of the thermodynami trends we have analyzed the vibrational on-
tributions to the free energy in detail. In this setion at rst the partiular vibrational branhes,
whih most prominently ontribute to the free energy dierenes between the various onformations
are identied. Then we unveil the mehanisms, whih drive the dierenes observed for these parti-
ular branhes by investigating the dynamial matrix orresponding to the relevant onformations.
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Figure 4.4: Band enter shifts in the α-helial onformation ompared to the FES. The band enter
shifts are dened by ∆ωi =
1
pi
∫ pi
0 ω
α
i (ϕ)dϕ− 1pi
∫ pi
0 ω
FES
i (ϕ)dϕ, where i denotes the branh
index as explained in Fig. 4.5. The blak line denotes the shifts for the un-manipulated
dynamial matrix, whereas the red line shows the shift, if the long-ranged interations
are removed from the dynamial matrix (Se. (4.3.2)). The dark, semi-transparent bar
denotes an (arbitrarily dened) region of insigniane, where ∆ωi < 10cm
−1
.
Hereby we fous on the α-helix and the FES, sine these two strutures are representative for the
helial and the unfolded state, respetively.
4.3.1 Deomposition of the vibrational free energy
A omplete overview of the vibrational spetra of the investigated onformations of the poly-L-
alanine hain is given in the appendix (Fig. 6.6). Furthermore, we have performed a detailed
omparison of the phonon dispersion relations between the α-helix and the FES, whih is also
presented in the appendix (Se. 6.1.3). From the latter omparison we obtain ngerprints of
the helix formation on the vibrational spetrum of the peptide hain, whih may be haraterized
as follows: The internal vibrations of the side-hain (methyl group) remain largely unaeted by
the helix formation. In ontrast, signiant hanges are found for the vibrational branhes whih
orrespond to a deformation of the bakbone of the peptide hain. Most importantly we determined
signiant shifts for the four lowest vibrational branhes, i.e., the two aoustial and the rst two
optial branhes. We found that the helix formation is onneted to a signiant hardening (blue-
shift) in these branhes (Fig. 4.4).
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type of ontribution → −T∆Svib ∆Uvib
inluded branhes → 1 1,2 1,2,3 1,2,3,4 5-30 1-30
α→ FES 22 67 79 88 3 9
α→ π 48 64 59 65 13 22
Table 4.3: Individual ontributions of the vibrational branhes (Eq. (4.12)) to the vibrational free
energy dierenes at room temperature in perent for the L-alanine hain. The seond
olumn ontains the ontributions of entropy assoiated with the lowest lying vibrational
branh (rst sub-olumn), the two lowest lying vibrational branhes (seond sub-olumn),
the three lowest lying vibrational branhes (third sub-olumn) and the four lowest lying
vibrational branhes (fourth sub-olumn) and the entropy assoiated with the branhes
5-30, respetively. The third olumn ontains the energeti vibrational ontributions
originating from the entire vibrational spetrum.
This hardening is of fundamental importane for the thermodynami properties, whih beomes
lear, when deomposing the vibrational free energy dierenes into the ontributions arising from
the individual vibrational branhes:
∆F vibA→B,i = ∆U
vib
A→B,i − T∆SvibA→B,i, (4.12)
where i runs over the individual branhes as labeled in Fig. 4.1. We have evaluated how large the
ontributions of the individual branhes are to the integrated, total free energy dierene, i.e:
∆F vibA→B =
∑30
i=1 ∆F
vib
A→B,i. (4.13)
Indeed, we found that the vibrational free energy is strongly dominated by vibrational entropy
dierenes assoiated with the lowest frequeny branhes. More preisely, 88 % of the free energy
dierene between the FES and the helial onformations is already ontained in vibrational entropy
dierenes assoiated with the four lowest vibrational branhes (Tab. 4.3, rst row). The 3 lowest
vibrational branhes ontribute with 79% of the vibrational free energy dierenes and the two
aoustial still with 67 %. The ontributions of vibrational energy (zero point vibrations) are less
important and amount to 9 % of the vibrational free energy dierenes at room temperature. When
oming to the dierenes between helies, the piture is similar, although the relative ontribution
of the zero-point vibrations is slightly larger here (Tab. 4.3, seond olumn).
Aording to this deomposition of the vibrational free energy, we onlude that it is suient
to fous on the three or four lowest frequeny branhes in order to understand the thermodynami
trends. Indeed, it is the hardening of the two aoustial branhes, whih is mainly responsible for
the free energy dierenes.
4.3.2 Analysis of the dynamial matrix
The vibrational spetra are derived from the dynamial matrix. Therefore, to gain further un-
derstanding of the hanges the helix formation indues in the low frequeny branhes, we have
ompared the dynamial matrix of the α-helix with that of the FES (Fig. 4.5b).
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Figure 4.5: a) Shemati illustration of a hydrogen bond in the poly-L-alanine α-helix. The index
n labels the peptide units. b) Dynamial matrix of the α-helix and the FES. Shown is
the atom-atom oupling, as dened in Eq. (4.16), normalized to the maximum value.
For onveniene of visualization it is only plotted in the range from 0 to 0.0035; several
atom-atom ouplings for n=0 are exeeding the plot range. The arrows point at C-
O· · ·H-N atom-atom ouplings whih orrespond to the hydrogen bonds [see also a),
dotted red lines℄.
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We have hereby foused on the the atom-atom interation, as ontained in the dynamial matrix:
DIJ =

∂2Eel
∂X
(1)
I ∂X
(1)
J
∂2Eel
∂X
(2)
I ∂X
(1)
J
∂2Eel
∂X
(3)
I ∂X
(1)
J
∂2Eel
∂X
(1)
I ∂X
(2)
J
∂2Eel
∂X
(2)
I ∂X
(2)
J
∂2Eel
∂X
(3)
I ∂X
(2)
J
∂2Eel
∂X
(1)
I ∂X
(3)
J
∂2Eel
∂X
(2)
I ∂X
(3)
J
∂2Eel
∂X
(3)
I ∂X
(3)
J
 . (4.14)
Here I and J label the atoms of the peptide hain, and the supersribted numbers (1, 2, 3) denote
the three Cartesian degrees of freedom of eah atom.
To obtain a meaningful omparison between the α-helix and the FES, we have not diretly plotted
the dynamial matrix (Eq. (4.14)). The reason is that the dynamial matrix depends not only on
the strength of the atom-atom interation, but also on the relative rotational position of the atoms in
the oordinate frame, i.e., on the respetive strutural onformations. We are, however, exlusively
interested in the strength of the interation. Therefore we have performed the omparison in the
following way: For eah pair of atoms I and J the three moments of interation, d
(1,2,3)
IJ , are
determined, whih we dene by
DIJv
(i) = d
(i)
IJv
(i) i = 1, 2, 3. (4.15)
Here, the v(i) are the 3 dimensional eigenvetors orresponding to the eigenvalue d
(i)
IJ . The absolute
values of the moments of interations are summed up to obtain a quantity, whih we here dene as
atom-atom oupling Datom−atomIJ :
Datom−atomIJ =
3∑
i=1
|d(i)IJ |. (4.16)
Although the atom-atom oupling has no diret physial meaning, it is partiularly helpful to
visualize the dynamial matrix and to identify the atom-atom interations spei for the various
onformations. The reason for the latter is that the atom-atom ouplings are rotational invariant,
i.e., they do not depend on strutural properties of the onformation, but only on the atom-atom
interation strength.
We nd in this analysis (Fig. 4.5b) that the dynamial matrix ontains a strong "ore" of short-
ranged atom-atom ouplings lose to the diagonal (Fig. 4.5b, n=0), whih we suppose to be related
to the hemial bonds stabilizing the bakbone of the peptide hain. Aside from that we nd a
signiant amount of smaller long-ranged atom-atom ouplings (Fig. 4.5b, n>0). Outstanding
of these long-ranged atom-atom ouplings we nd a harateristi pattern orresponding to the
interation of the C=O and N-H groups whih onstitute the hydrogen bonds in the helix (Fig.
4.5a). These atom-atom ouplings are found for the α-helix (Fig. 4.5b, n>3,4) but not for the FES.
To analyze the importane of these spei hydrogen bonding atom-atom ouplings more in detail,
we have determined the hange in the vibrational branhes, if these spei atom-atom ouplings
are eliminated from the dynamial matrix. We nd that this elimination results in a signiant red
shift of the low frequeny branhes, whih indiates a strong inuene of the hydrogen bonds on
these branhes. Moreover, Fig. 4.4 shows that the band-enter shifts with respet the FES (blak
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Figure 4.6: Lowest frequeny branhes of π- (blue lines), α- (green lines) and 310-helix (red lines),
27-onformation (orange lines) and FES (blak lines).
lines in Fig.4.4) almost disappear (red lines in Fig.4.4). Thus we onlude that a major part of the
observed thermodynami trends is a diret eet of the formation of the hydrogen bonding network
in the helial strutures. We analyze this issue in more detail in the following setion.
4.4 Development of an analytial model
In the previous setion we have shown that a strong diret orrelation exists between the formation of
the hydrogen bonds in the helix and its temperature dependent stability: The hydrogen bonds ause
a hardening of the low frequeny branhes, whih is then reeted in a loss of vibrational entropy
with respet to the FES, in whih hydrogen bonds are absent. This eet has been suggested in the
literature sine long  Fanoni et al. realized already in the early 70s that the aoustial branhes of
the helix are not only determined by the bakbone of the helix, i.e., nearest neighbor peptide-peptide
interations (Fig. 4.7a), but also depend sensitively on the hydrogen bonds [54℄. Nevertheless, the
employment of empirial fore elds in that and subsequent studies [55, 56, 146℄ made it impossible
to aurately quantify the inuene of the hydrogen bonds as, e.g., ompared to the inuene of
nearest neighbor peptide-peptide interations in the bakbone of the helix.
In this setion we therefore intend to obtain a more quantitative understanding of the interplay
of nearest neighbor bakbone interations and hydrogen bonds for the low frequeny branhes.
Furthermore, we would like to understand how this interplay ultimately drives the observed ther-
modynami trends  for instane why the π-helix has a lower vibrational entropy than the other
two helies.
4.4.1 Ball-and-spring model
The fat that the three lowest branhes (Fig. 4.6) almost entirely (by 79 %, Se. 4.3.1) determine
the thermodynami behavior allows to map the problem on a simple ball-and-spring model. Here,
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Figure 4.7: Illustration of the ball-and-spring model: a) Bakbone ontributions orresponding to
Ubb (Eq. (4.19)). b) Hydrogen bonding ontributions orresponding to Uhb (Eq. (4.20)).
the peptide units are onsidered as rigid units (balls), onneted with eah other by harmoni
springs. In order to obtain a straightforward deomposition of the hydrogen bonds and the bakbone
interations, we have developed suh a ball-and-spring model and derived expliit spring onstants
for these ontributions.
Within this model the potential energy of the peptide hain is deomposed into ontributions
arising from the deformation of the bakbone Ubb and of the hydrogen bonds Uhb. Together with
the kineti energy, T , the model Hamiltonian an be expressed as:
H = T + U (4.17)
U = Ubb + Uhb (4.18)
Ubb =
1
2
∑
n
{
Kr1 | ∆rn1 |2 +KΨ | ∆Ψn |2 +Kδ | ∆δn |2
}
(4.19)
Uhb =
1
2
∑
n
{
Krν | ∆rnν |2 +Krν−1 | ∆rnν−1 |2
}
. (4.20)
An illustration of the model is given in Fig. 4.7. The bakbone ontributions, Ubb, are modeled in
terms of displaements in the bond distanes ∆rn1 , the valene angles ∆Ψn, and the dihedral angles
∆δn at peptide unit n. The bakbone stiness is ontained in the spring onstants Kr1 , KΨ and Kδ.
The hydrogen bonds, Uhb, are modeled in terms of the distanes ∆rnν between the peptide units n
and n+ ν and the distanes ∆rnν−1 between the peptide units n and n+ ν − 1. The orresponding
spring onstants are Krν and Krν−1 .
Similar model Hamiltonians have reently been applied to study the propagation of solitons along
helial polymers [147, 148℄. However, we found that several extensions to these models are required
to obtain an aurate reprodution of the vibrational spetra as derived with DFT. A detailed
disussion of the model of Ref. [147℄ is given in the Appendix (Se. 6.4.1). Here we desribe the
main improvements over this model. Whereas in Ref. [147℄ the hydrogen bonds have been desribed
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Figure 4.8: Comparison of the 3 lowest vibrational branhes as obtained with the analytial spring
model (red lines) to the DFT values (blak lines). a) For the model proposed in Ref.
[147℄, whih models the hydrogen bonds by means of a single spring (Eq. (6.27)). b)
For the extended model developed for this projet (Eq. (4.17)).
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bakbone Kr1 Kδ KΨ
27, 310, α, π 21.6 0.79 3.02
FES 21.6 0.17 3.02
hydrogen bonds Krν−1 Krν
310, α, π 21.6 12.3
27 8.60 12.3
Table 4.4: Optimized parameter-set for the ball-and-spring model (Eq. (4.17)). The spring on-
stants are expressed in cm−1 · 104.
by a single fore onstant, we found that an eetive 3-body treatment of the hydrogen bonding,
i.e., the introdution of two independent spring onstants, is essential to get an aurate t to the
low frequeny branhes of the helies, as alulated within the DFT approah. In partiular for an
aurate reprodution of the α- and the π-helix this eetive 3-body treatment is essential, as is
shown in Fig. 4.8. The nature of the three-body interation is likely due to the large ooperativity
(Se. 1.4, Ref. [48℄) and/or diretionality [44℄ of the hbs. We point out that the aurate alulations
of the aoustial branhes with DFT were fundamental to obtain this improved parametrization of
the hydrogen bonds  whih again highlights the importane of the DFT alulations. Besides the
improvement of the desription of the hydrogen bonding we found it also neessary to extend the
treatment of the bakbone interations as desribed above in Eq. (4.20). To be able to reprodue
the vibrational branhes of the FES and the 27-onformations we have inluded also fore onstants
for the dihedral angle and for the valene angle in the model.
The parameters for the model, i.e., the spring onstants, have been optimized to t the three low-
est vibrational branhes for eah individual hain onformation as alulated with DFT (details in
the appendix, Se. 6.4.1). Great are has been taken to avoid over-parametrization and to ensure
the maximum transferability by determining the parameters in the following way: In a minimal
model we assumed the spring onstants to be the same in the dierent hain onformations. An
exeption was made for the FES, where hydrogen bonding is absent and the orresponding fore
onstants are set equal to zero. The minimal model is then suessively extended by introduing in-
dependent fore onstants for the onformation with the worst reprodution of the DFT frequenies.
A good agreement, for all ve onformations, is already ahieved by introduing only two additional
fore onstants to the minimal model  one for the dihedral angle of the FES and one for the hy-
drogen bonding in the 27-onformation. Thus, we need only seven spring onstants to desribe the
vibrational properties of all ve onformations (Tab. 4.4). As Fig. 4.9 shows, this model exellently
reprodues the thermodynami trends assoiated with the three lowest vibrational branhes of the
L-alanine hain.
Results of the ball-and-spring model
Based on the obtained spring onstants we now apply the ball-and-spring model to analyze the
impat of the hydrogen bonds and the bakbone interations on the lowest frequeny branhes and
the vibrational entropy in detail.
By setting the orresponding fore onstants to zero, the model allows to quantify, whih bonds
(hydrogen bonds or bakbone) determine the entropi harater of the various onformations. By
setting all hydrogen bonds to zero (dots in Fig. 4.9) the entropi dierenes between the onforma-
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Figure 4.9: Vibrational free energy ontributions to the stability with respet to the FES (Eq.
(4.7)) at room temperature for the dierent onformations of the poly-L-alanine hain:
Shown are the DFT results for the ontributions from the full vibrational spetrum
(solid blak line, diamonds) and the ontributions arising from exlusively the 3 lowest
vibrational branhes (solid blak line, squares). Further shown are the results from the
ball-and-spring model with the spring onstants listed in Tab. 4.4 (solid red line, stars)
and the orresponding vibrational free energy ontributions, if the spring onstants
orresponding to the hydrogen bonds are removed from the model (dotted red line,
irles).
tions almost ompletely disappear. We therefore onlude that the temperature eets, whih make
helies unstable at higher temperatures, are almost exlusively determined by the hydrogen bonds.
The impat of the stiness of the helix bakbone on the thermodynami dierenes is negligible.
Another important result obtained with the ball-and-spring model is that the obtained spring
onstants are the same for all three helix onformations. Hene, we onlude that the entropi
dierenes between the helix onformations should not be explained by dierenes in the strength
of the peptide-peptide interations.
4.4.2 Elastial moduli, speed of sound and long-wavelength limits
We now like to go one step further and to unover the mehanism, whih drives the thermodynami
dierenes between the helial onformations. In partiular, we aim to understand, why the π-helix
presents a lower vibrational entropy than the other two helix types, i.e., α-helix and 310-helix.
As mentioned above, the obtained spring onstants for the ball-and-spring model are the same
for the three helix types. Hene, sine no alternative mehanisms are possible, it is tempting to
onlude that the entropi dierenes between the helies are ditated exlusively by the geometrial
dierenes between the helix types.
To investigate the impat of the helix geometry on the vibrational entropy, we fous on the
asymptoti behavior at the long-wavelength limits of the aoustial branhes. The reason is that the
asymptoti behavior dominates the shape of the aoustial branhes (Fig. 4.10) and onsequentially
the entropi dierenes between the helies. Indeed, the relative loss of vibrational entropy in the
π-helix orrelates to a relative inrement of the asymptoti slopes/urvatures at the long wavelength
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Figure 4.10: Long-wavelength limits of the α-helix and the orresponding mehanial deformations.
The dotted lines denote the asymptoti behavior. The dotted line for the bending
deformation desribes a parabola, the dotted lines for strething and twisting desribe
straight lines.
limits. More preisely, we observe the following behavior:
1. The asymptoti behavior of the aoustial branhes is haraterized by a linear dispersion law
of ω1(ϕ) and ω2(ϕ) for ϕ→ 0 (Fig. 4.10a, labels '1' and '3', respetively) and by a quadrati
dispersion law of ω1(ϕ) for ϕ→ ±Θ (Fig. 4.10a, label '2').
2. The orresponding urvatures and slopes are largest for the π-helix, followed by the α- the
310-helix, the 27-struture and the FES (Fig. 4.11a and b).
The eigenmodes at the long-wavelength limits are the mehanial deformations of the helix. We
identied them with the torsional, the bending and the longitudinal deformation, respetively (Fig.
4.10). For onveniene, we will in the following not diretly disuss the slopes at the long-wavelength
limits but instead a losely related quantity, the speed of sound. The orresponding veloities are,
following Eq. (2.97), given by:
vT = v
z
1(ϕ→ 0) = L
(
∂ω1(ϕ)
∂ϕ
)
ϕ→0
, vL = v
z
2(ϕ→ 0) = L
(
∂ω2(ϕ)
∂ϕ
)
ϕ→0
and vB = v
z
2(ϕ→ Θ) = L
(
∂ω2(ϕ)
∂ϕ
)
ϕ→Θ
. (4.21)
Here vT , vL, and vB denote the speed of the torsional, longitudinal and bending sound waves,
respetively. Fig. 4.11 shows the slopes as well as the speed of sound. It is interesting to note that
for the longitudinal waves and the torsional waves the speed of sound is roughly onstant amongst
the helies and about 900 m/s (upper lines in Fig.4.11) and 300 m/s (lower lines in Fig.4.11),
respetively. The speed of the bending waves is inreasing in going from 310-helix over α-helix to
π-helix (Fig.4.11d) .
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Figure 4.11: a) Slopes at the long-wavelength limits of the aoustial branhes orresponding to
the longitudinal (upper lines) and the torsional deformation (lower lines) for the DFT
alulations (blak lines) and the ball-and-spring model (red lines). b) Curvatures at
the long-wavelength limit orresponding to the bending deformation. ) Speed of sound
for the longitudinal and the torsional waves (Eq. (4.21)) for the DFT alulations (blak
lines), the ball-and-spring model (red lines), the thin rod approximation (dashed blue
lines, see Appendix, Se. 6.4.3, Eqs. (6.48-6.53)) and the geometrial formulas denoted
in Eqs. (4.27) and (4.29). For omparison also the speeds of sound in water [149℄ and
air are shown (dashed lines). d) Corresponding values for the speed of sound per phase
angle for the bending waves.
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Thin rod approximation
To understand the thermodynami trends it is essential to understand these trends for the long
wavelength limits and the speeds of sound formulated above. Therefore we will investigate the speeds
of sound by means of a simple model stemming from elastiity theory, the thin rod approximation
[150℄. This approximation, ombined with the analytial ball-and-spring model (Eq. (4.17)), will
allow us, to derive very simple analytial formulas for the speeds of sound, and hene through
Eq. (4.21) also for the long-wavelength limits. Based on these expressions we will arrive to an
interpretation of the thermodynami trends.
As desribed in Ref. [150℄, the thin rod approximation may be applied to desribe the mehanial
deformations/waves in a system, provided the system fullls the following onditions:
1. The lateral dimensions of the system are muh smaller than its longitudinal dimensions.
2. The system is isotropi, i.e., the stress tensor is diagonal in the basis of longitudinal and lateral
oordinates.
3. The system is homogeneous, i.e., the mirosopi stress, whih would our as a response
on a marosopi deformation (i.e. by applying marosopi strain) is evenly distributed
throughout the entire system.
The helial onformations fulll these onditions, sine they are muh longer than thik, ontain
a homogeneous distribution of the amino aids, and the three helial parameters L, Θ and R are
approximately deoupled [50℄. The 27-onformations and in partiular the FES violate ondition
ii), sine the pith and the twist are signiantly oupled here, giving rise to the existene of non-
diagonal elements in the stress tensor. We will therefore fous on the three helial onformations in
the following.
By onsidering the thin rod approximation, the mehanial waves of the helix may be desribed
by three separated homogeneous wave-equations (for details see appendix, Se. 6.4.2, Eqs. (6.30)
and (6.35)). Solving these wave-equations yields three dierent kinds of mehanial waves in the
peptide hain: longitudinal waves, torsional waves and bending waves. For the longitudinal and the
torsional waves the following linear dispersion laws are obtained:
ωL(k) = vLk and ωT (k) = vTk. (4.22)
Here, k = 2piλ is the reiproal wavelength and ω is the frequeny of the wave. The quantities vL
and vT denote the longitudinal and the torsional veloities of sound, respetively, and are given by:
vL =
√
Y
ρ
and vT =
√
T
ρ
. (4.23)
Here, ρ is the density, and Y and T are the Young's and the torsional modulus7, respetively, and
7
We remark that the density ρ and the elastial moduli depend on the volume and on the ross-setional area,
respetively, whih are not well dened quantities for the peptide hain. However, the sound veloities and the
long-wavelength limits in turn only depend on the ratio of volume and ross-setional area, whih is a well dened
physial quantity.
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Figure 4.12: Deomposition of the speed of sound with respet to hydrogen bonding ontributions
(dashed blak lines) and bakbone ontributions (dotted blak lines) in the framework
of the thin rod approximation, for a) the longitudinal waves and b) the torsional waves.
The hydrogen ontributions estimated with from Eq. (4.26) by setting the bakbone
ontributions to zero. The bakbone ontributions are estimated with Eq. (4.26) by
setting the hydrogen bonding ontributions to zero. For omparison purposes the full
speeds of sound in thin rod approximation (solid blak lines) are also shown.
are dened as:
Y =
σzz
ǫzz
and T =
σΘΘ
ǫΘΘ
. (4.24)
In Eq. (4.24) σzz and σΘΘ denote the longitudinal and the torsional stress, and ǫzz and ǫΘΘ denote
the longitudinal and the torsional strain, respetively.
For the bending waves the thin rod approximation predits a quadrati dispersion law, in nie
agreement with the observations formulated above for the long-wavelength limits:
ω =
1
2
aBk
2 where aB = R
√
Y
ρ
= RvL. (4.25)
Analytial expressions for the speed of sound
By ombining the thin rod approximation with the ball-and-spring-model, we were able to derive
analytial expressions for the Young's and the torsional modulus. This derivation is desribed in
detail in the Appendix (Se. 6.4.3, Eqs. (6.48-6.53)). By substituting these formulas into the
Eqs. (4.23) and (4.25) an exellent reprodution of the speeds of sound of the aoustial waves is
ahieved (dashed blue lines in Fig. 4.11 and d). Therefore these formulas onstitute the key to
the analytial understanding of the aoustial branhes and of the thermodynami trends. For a
deeper disussion, however, it is more onvenient to further simplify these formulas by introduing
some approximations:
1. We nd that the longitudinal speed of sound (Fig. 4.12a, solid blak lines) is almost ompletely
determined by the hydrogen bonds (Fig. 4.12a, dashed blak lines). The ontribution of the
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Θ L R Ψ δ D1 Dν−1 Dν ν Lν
FES 180.00 6.74 0.961 148.16 180 7.01 - - -
27 180.00 5.35 2.608 91.5 180 7.47 7.47 10.7 2 10.7
310 120.00 3.71 3.48 85.04 84.56 7.07 9.56 11.13 3 11.1
α 98.18 2.83 4.1 93.16 51.26 6.82 9.59 11.54 4 11.3
π 80.00 2.21 5.03 105.9 30.4 6.83 9.48 11.57 5 11.1
Table 4.5: Geometrial parameters for poly-L-alanine: twist Θ, pith L, radius R, valene angle
Ψ, dihedral angle δ and equilibrium distanes to the D1, Dν and Dν−1 rst, ν
th
and
(ν − 1)th nearest neighbor, respetively, number of peptides ν to form a hydrogen bond
and the quantity Lν.
bakbone is rather small (Fig.4.12a, dotted blak lines). Hene we may write:
vL =
√
Y
ρ
=
√
Y bb + Y hb
ρ
≈
√
Y hb
ρ
. (4.26)
Here Y bb denotes the bakbone ontributions and Y hb denotes the hydrogen bonding ontri-
butions to the Young's modulus (see Appendix, Eq. (6.48), (6.51), and (6.50), respetively).
We remark that the desription of torsional waves is more ompliated, sine both, hydrogen
bonds and bakbone are ontributing (Fig. 4.12b): In the 310-helix the bakbone ontributions
are almost as large as the ontributions of the hydrogen bonds. However, for the α-helix and
in partiular for the π-helix the ontributions of the hydrogen bonds are strongly dominating
the speed of sound, as will beome more lear below.
2. We nd hydrogen bonding geometries, e.g., the distanes to the νth and νth-1 nearest neighbor
(Tab. 4.5), are largely the same in the three helial onformations .
Considering these approximations, the speeds of sound are still well reprodued (Fig. 4.11 and
d, solid blue lines). Moreover, these approximations lead to simplied analytial formulas whih
enable a straightforward understanding. The longitudinal speed of sound simplies to
8
vL ≈ Lν
√
K l,hb/M, (4.27)
where K l,hb = 0.34Krν−1 + 0.98Krν , M orresponds to the mass of the peptide unit, L denotes the
helix pith, and ν denotes the number of peptide units to form a hydrogen bond (see Fig. 1.2).
We note that the quantity Lν is roughly a onstant quantity amongst the helies (Tab. 4.5). Thus
the approximations leading to Eq. (4.27) reveal an important result: The longitudinal speed of
sound in the three helix types is (approximately) the same beause the sound waves are traveling
predominantly along the hydrogen bonds rather than along the bakbone (Eq. 4.27), and both,
the hydrogen bond strength (Tab. 4.4) and the hydrogen bond geometry (Tabs. 4.5 and 6.4), are
the same in all three helial onformations. For the same reasons we may desribe the inrease per
8
The expliit derivation of these simplied analytial formulas is presented in the Appendix, in the Eqs. (6.57) and
(6.58- 6.59), respetively.
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phase angle of the speed of sound of the bending waves veloity (Eq. (4.25)) with:
aB = RvL = RLν
√
K l,hb
M
(4.28)
Here R denotes the radius of the helix. In ontrast to the longitudinal speed of sound, the torsional
speed of sound is determined by both, hydrogen bonding and bakbone ontributions:
vT = LR
√
Kt,bb + ν2Kt,hb
M
, (4.29)
where Kt,hb = 0.0029Krν−1 +0.0037Krν and K
t,bb = 0.021Kr1 . We note, however, that also for the
torsional waves the hydrogen bonds dominate, sine ν2Kt,hb > Kt,bb.
4.4.3 Conlusions
Our investigations with the ball-and-spring model revealed that the temperature dependene of
the helial stability, i.e., the loss of vibrational entropy of the helies with respet to the extended
strutures, is almost entirely an eet of the formation of the hydrogen bonds, whereas the impat
of the bakbone stiness is rather negligible. While this is already an important result on its own,
a deeper understanding of the entropi dierenes between the three helix types has been only
gained with the analysis in terms of the thin rod approximation. This analysis has revealed, in
lose orrespondene to the ndings with the ball-and-spring model, a strong dominane of the
hydrogen bonds (ompared to the bakbone interations) also for the elastial moduli of the helies,
and orrespondingly for the speeds of sound of longitudinal, torsional and bending waves. As a
onsequene of this fat we ould derive very simple analytial formulas for the speeds of sound.
We now substitute these Eqs. (4.27) to (4.29) into Eq. (4.21) and obtain for the long wavelength
limits: (
∂ωL
∂ϕ
)
ϕ→0
= ν
√
K l,hb
M
, (4.30)
(
∂ωB
∂ϕ
)
ϕ→Θ
=
Rν
L
√
K l,hb
M
(ϕ−Θ), (4.31)
(
∂ωT
∂ϕ
)
ϕ→0
= R
√
Kt,bb + ν2Kt,hb
M
. (4.32)
These formulas give a very diret relation between the geometrial parameters of the helial on-
formations and the long-wavelength limits. An interesting onsequene is that the π-helix exhibits
the hardest response on elasti deformations owing to its geometri peuliarities: the largest radius,
the smallest pith and the largest number of peptides forming the hydrogen bonds (Tab. 6.4a).
We may now also explain the loss of vibrational entropy of the π-helix with respet to the α-helix
and the 310-helix in terms of these geometri saling eets. We remark that the long-wavelength
limits in Eqs. (4.30-4.32) annot be diretly onverted to the vibrational entropy of the helies
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 suh a onversion would orrespond to applying a Debye-model, whih is not stritly valid at
room temperature. In the parts of the aoustial branhes away from the long-wavelength limits
the analytial desription of the geometrial saling eets is more omplex. However, the trends
as ontained in the Eqs. (4.30-4.32) are qualitatively still valid also in these parts of the vibrational
spetrum. Hene we onlude that the geometri ratios of helix radius, pith, and twist, are the main
driving fore for the entropi dierenes. The geometri ratios between the helial onformations
are in turn largely independent of the amino aid onformation. Therefore, this trend as observed
here for the poly-L-alanine hain is expeted to be generi, i.e., independent of the amino aid
sequene, and might be a reason why the π-helix is only seldom observed in proteins.
4.5 Exhanging the amino aid
So far we have exlusively dealt with the poly-L-alanine hain. L-alanine is known to be the amino
aid with the strongest propensity to form helies. In order to study the impat of the side hain
on the helix stability we will now swith to poly-glyine. Glyine is known to be a very weak helix
former. The origin of this dierene between L-alanine and glyine is basially not laried yet as
has been disussed in detail in the introdution (Se. 1.3). By omparing the stability of isolated,
innite L-alanine and glyine hains we therefore aim to larify, whether or not (and, if yes, to what
extend) dierenes in the helial propensities are intrinsi features of the amino aids, i.e., exist in
the absene of environmental eets (e.g. solvent).
We have already mentioned in Se. 1.5 that the dierenes in the helix propensities annot be
explained by the stati energeti ontributions to the intrinsi stability  aording to these the α-
and π-helix are even slightly more stable with respet to the FES for glyine than for L-alanine
(Figs. 1.5, 4.3a and 4.13a).
We now analyze, whether the origin of the dierenes may be explained by the dynami, vibra-
tional ontributions to the free energy. By employing the same methodology for glyine as before
for L-alanine (Ses. 4.2-4.4) we perform a omparative analysis for extrating the impat of the side
hain on the thermodynami stability and on the relative free energy dierenes of the helies.
4.5.1 Comparison between L-alanine and glyine
Comparing the temperature dependene of the phase stabilities for L-alanine and glyine we nd a
similar behavior. As for L-alanine, the stability of the helies with respet to the FES is signiantly
redued also for glyine at elevated temperatures (Fig. 4.13a), predominantly due to vibrational
entropy ontributions assoiated with the lowest frequeny branhes (Tab. 4.6).
Two important thermodynami trends, whih have been found for poly-L-alanine, are also ob-
served for poly-glyine. First, the π-helix is again the onformation with the lowest vibrational
entropy (Fig. 4.13b). This underlines the dominane of the hydrogen bonding pattern and of the
geometri saling eets for the thermodynami trends, as have been derived in Se. 4.4. The
study of the poly-glyine hain therefore learly veries the generi harater of the low entropy of
π-helies. Seond, we nd again that the α-helix is the onformation with the lowest free energy at
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Figure 4.13: a) Stability of the poly-glyine onformations with respet to the FES as the temper-
ature inreases (Eq. (4.5)). The dotted lines denote the numerial unertainty. The
arrows represent zero-point vibrational orretions. Tr is the room temperature and
Tc denotes the ritial temperature at whih the FES beomes more stable than the
helies. b) Dierenes in vibrational free energy with respet to FES.
type of ontribution→ −T∆Svib ∆Uvib
inluded branhes→ 1 1,2 1,2,3 1,2,3,4 5-21 21
α− FES 24 59 73 80 9 11
α− π 78 88 78 75 1 24
Table 4.6: Individual ontributions of the vibrational branhes (Eq. (4.12)) to the vibrational free
energy dierenes at room temperature in perent for the glyine hain. The seond
olumn ontains the ontributions of entropy assoiated with the lowest lying vibrational
branh (rst sub-olumn), the two lowest lying vibrational branhes (seond sub-olumn),
the three lowest lying vibrational branhes (third sub-olumn) and the four lowest lying
vibrational branhes (fourth sub-olumn) and the entropy assoiated with the branhes
5-21, respetively. The third olumn, whih is titled with Uvib, ontains the energeti
vibrational ontributions orresponding to the entire vibrational spetrum.
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Figure 4.14: Vibrational free energy ontributions to the stability with respet to the FES (Eq.
(4.7)) at room temperature for the dierent onformations of the poly-glyine hain:
Shown are the DFT results for the ontributions from the full vibrational spetrum
(solid blak line, diamonds) and the ontributions arising from exlusively the 3 lowest
vibrational branhes (solid blak line, squares). Further shown are the results from the
ball-and-spring model with spring onstants of Tab. 4.7 (solid red line, stars) and the
orresponding vibrational free energy ontributions in the ase, in whih the hydrogen
bonding spring onstants are removed from the model (dotted red line, irles).
room temperature.
However, a loser look also reveals dierenes. Regarding the vibrational ontributions we nd
that both zero point vibrational and entropi ontributions to the phase stabilities are more pro-
nouned for glyine (Fig. 4.13b) than for L-alanine (Fig. 4.3b). These two ontributions, zero
point vibrations and vibrational entropy, lead to an inversion of the stability for the α-helix: While
the stati ontributions at 0 K make the poly-glyine α-helix more stable with respet to the FES
than the poly-L-alanine α-helix, the vibrational free energy ontributions ause the poly-L-alanine
α-helix to be more stable than the poly-glyine α-helix at room temperature. Furthermore, these
ontributions ause the ritial temperature
9
to be signiantly lower in glyine (Tc = 410 K) than
in alanine (Tc = 470 K). Thus, vibrational free energy ontributions may partially explain the low
helial propensity of glyine ompared to L-alanine. However, sine the determined dierenes are
muh too small, they annot serve as a full explanation. We disuss this issue in more detail in the
Se. 4.5.4.
Before this, we have a look at the 310-helix and 27-struture, sine for these two strutures the
dierenes between L-alanine and glyine are larger than for the α- and the π-helix.
4.5.2 Low entropy of the glyine 310-helix
For the glyine 310-helix and the 27-struture a rather unexpeted strong loss of vibrational entropy
is observed as ompared to L-alanine (Fig. 4.13b and Fig. 4.3b). This extraordinary low entropy
of the glyine 310-helix and 27-struture might be of importane for the kineti aspets of the helix
9
The ritial temperature Tc is dened as the temperature, at whih the FES beomes more stable than the helies
(see Figs. 4.3a and 4.13a).
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bakbone Kr1 Kδ KΨ
27, α, π 21.1 0.17 4.01
dev to Ala in % -2 -82 +33
310 21.1 2.16 6.15
dev to Ala in % -2 +173 +104
FES 21.1 0.05 4.01
dev to Ala in % -2 -71 +33
hydrogen bonds Krν−1 Krν
310, α, π 26.3 11.4
dev to Ala in % +22 -7
27 4.3 11.4
dev to Ala in % -50 -7
Table 4.7: Parameter-set for the ball-and-spring model (Eq. (4.17)) as derived for the poly-glyine
hain. The spring onstants are expressed in cm−1 · 104. The numbers below the fore
onstants denote the deviations to the respetive fore onstants as derived for poly-L-
alanine (Tab. 4.4) in perent.
folding proess. Provided that this proess follows the lowest energy pathway as suggested by the
(Θ, L)-PES (Fig. 1.5), the 310-helix and the 27-struture might form a free energy barrier for poly-
glyine, whih is lower/absent for poly-L-alanine. Further, the low entropy of the 310-helix might
be of importane for the free energy of short, nite helies  310-helies are supposed to play an
important interfaial role at the endings of helies. Both, kinetis as well as nite size aspets are
beyond the sope of this thesis, but will be the topi of future projets. Here, we restrit ourselves
to unovering the origin of the low entropy.
The loss of vibrational entropy in the glyine 310-helix is assoiated with blue-shifts in the lowest
frequeny branhes with respet to L-alanine (Fig. 4.15). We have therefore analyzed the three
lowest vibrational branhes of the poly-glyine hain by means of the ball-and-spring model as
introdued in Se. 4.4. Comparing L-alanine to glyine we found two dierenes. First, a larger
number of independent parameters is required to desribe poly-glyine: While in the L-alanine hain
the bakbone interations were basially the same for all the helial onformations (Tab. 4.4), for
the glyine hain the bakbone interations of the 310-helix had to be treated independently from
those of the other two helies (Tab. 4.7). Seond, the bakbone interations, i.e., valene angle and
dihedral angle stiness, are signiantly hardened for poly-glyine, in partiular in the 310-helix
(Tab. 4.7, ompare red dotted lines in Fig. 4.9 and Fig. 4.14).
In order to loalize the atomisti origin of this hardening in the glyine 310-helix we have ompared
the dynamial matrix of this onformation to that of the α-helix. This omparison is based on the
atom-atom ouplings as dened in Eq. (4.16). As a referene we have taken the L-alanine hain.
This means that we have ompared the dierenes in the atom-atom ouplings in the glyine helies
with the respetive atom-atom ouplings in the L-alanine helies.
Fig. 4.16 shows strong dierenes between glyine and L-alanine for the fore onstants orre-
sponding to the short-ranged interation within the peptide unit (n=0 in Fig. 4.16), while the
dierenes in the long-ranged interations orresponding to the hydrogen bonds are rather small
10
(n>1 in Fig. 4.16). The strongest dierenes are found for interations involving the Cα-atom, i.e.,
the atom whih onstitutes the hemial link between side hain and bakbone. The omparison
10
The fat that this nding is in lose orrespondene to the results obtained with the ball-and-spring model 
although it has been obtained in an ompletely independent analysis  veries (one more) the strength of the
ball-and-spring model in analysing the low frequeny branhes of the peptide hain.
118
4.5 Exhanging the amino aid
0 60 120 180
ϕ (degs)
0
50
100
150
200
ω
 (c
m-
1 )
0 60 120 180 0 60 120 180
310-helix α-helix pi-helix
Figure 4.15: Comparison of the three lowest frequeny branhes between poly-glyine (red lines)
and poly-L-alanine (blak lines) for the three helial onformations.
between α- and 310-helix veries that these dierenes are onformation dependent, i.e., for the
310-helix the dierenes are more pronouned than for the α-helix. This analysis learly shows
that the hardening in the low frequeny branhes of the glyine 310-helix short-ranged (bakbone)
interations is indued by the side-hain and mainly involves the hemial bonding in the diret
proximity of the Cα atom.
4.5.3 Stability of the helix against unfolding
We now investigate the stability of the poly-glyine helial state against unfolding. We obtain, in
lose analogy to the onsiderations already made for the poly-L-alanine hain in Se. 4.2.3, for the
free energy of the unfolded state at room temperature:
µunfolded ≈ µbulkFES − (kBT )300K ln
1 + 2 · non−helical∑
X 6=A
exp(−β∆F fFES→X)

(4.33)
= µbulkFES − (kBT )300K ln
(
1 + 2 · exp(−β∆F fFES→27) + 2 · exp(−β∆F
f
FES→PPII)
)
= µbulkFES − 0.60
kcal
mol
ln (1 + 0.6 + 0.08)
= µbulkFES − 0.20
kcal
mol
. (4.34)
Here the fator 2 in front of the summation over the non-helial states in Eq.(4.33) stands for the
degeneray of the phases, i.e., exept for the FES, for eah right handed onformation a orrespond-
ing left-handed onformation exists in the unfolded domain for the poly-glyine hain with idential
free energy. This symmetri harater of the glyine-PES is due to the fat that the glyine amino
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Figure 4.16: Dierenes of the atom-atom ouplings (Eq. (4.16)) between poly-glyine and poly-
L-alanine for the α-helix and the 310-helix for the bakbone atoms (side hains are
exluded). Plotted are absolute values in the range from 0 to 0.007.
aid is, in ontrast to alanine, not hiral
11
. Eq. (4.34) shows that the hemial potential of the
ideal solution formed by the FES, the 27-strutures and the poly-proline-strutures is lower than
the hemial potential of the isolated FES by only ≈ 0.20 kal/mol. Thus, similarly to the obser-
vations made for poly-L-alanine, adding the 27- and PPII-strutures does not substantially lower
the hemial potential of the unfolded state ompared to the FES.
Aording to Eq. (2.138) the hemial potential of the helial state is approximately given by
the helial bulk phase with the lowest hemial potential. At room temperature the α-helix is the
helial onformation with the lowest bulk phase free energy also for poly-glyine. Hene the stability
of the helial state against unfolding is given by:
∆F fhelix→unfolded ≈ µhelix − µunfolded
= µbulkα−helix − µbulkFES − 0.2
kcal
mol
= ∆F fα−helix→FES + 0.2
kcal
mol
= −0.5kcal
mol
(4.35)
We onlude that, aording to our results, also for poly-glyine the helial state will be stable at
room temperature.
11
The PES of the glyine hain is ompletely symmetri with respet to a mirror operation at the Θ = 180◦-axis. This
means that for eah minimum of the PES with Θ < 180◦ (right handed onformation) a orresponding seond
minimum with Θ˜ = 360◦−Θ (left handed onformation) exists with the same energy. This symmetri harater of
the glyine-PES is due to the fat that the glyine is not hiral. In ontrast the alanine amino aids is hiral, and
onsequently the energy of the left-handed onformations is signiantly higher than that of the orresponding
right handed onformations. The origin of hirality is a PhD projet on its own [151℄ and is beyond the sope of
this thesis.
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4.5.4 Helial propensities
We now determine the dierene in helial propensities. The overall dierene in the helix stability
between L-alanine and glyine at room temperature is:
∆∆F = ∆F fhelix→unfolded[Gly]−∆F fhelix→unfolded[Ala] = 0.15 kcal/mol (4.36)
Here ∆F fhelix→unfolded[Gly] and ∆F
f
helix→unfolded[Ala] are the stability of the helial state against
unfolding for poly-glyine and poly-L-alanine, as given in Eqs. (4.35) and (4.11), respetively. The
alulated value is thus in qualitative agreement with the experimental helix propensity sales, sine
∆∆F > 0. However, our results do not give the full explanation for the experimentally observed
helial propensities, sine ∆∆F is signiantly smaller than the experimental values reported in
the literature. We here ompare to the values reported by Pae&Sholtz [27℄, those reported by
Munoz&Serano [26℄, and those reported by Williams et al. [152℄, sine these three works over a
broad range of possible determination tehniques for helix propensities. Pae&Sholtz have based
their helix propensity sale on an average inluding 11 systems, onsidering both proteins and
peptides, all exposed to aqueous solvent. They nd a dierene ∆∆F = 1.12 ± 0.43 kal/mol or
∆∆F = 0.98 ± 0.07 kal/mol, depending on whether all 11 values are averaged or the 4 systems
with the largest deviations are exluded from the average, respetively. Munoz&Serano have used
the measured heliities of 423 peptides in solvent to derive parameters haraterizing the helix
oil transition. They nd a dierene of ∆∆F = 1.10 kal/mol. Williams et al. have based their
propensity sale on the frequeny of ourrene of the amino aids in α-helies found in the struture
of 75 peptides. They nd a ∆∆F = 0.85 kal/mol. All these values are signiantly larger than
our result.
The dierenes between our predition and those reported in the literature might have the fol-
lowing reasons:
1. The dierenes might be explained by the fat that the experimental values have been obtained
for solvent exposed peptides/proteins, while our approah is treating peptides in vauum. If
this is true then helial propensities are highly solvent dependent.
2. The free energy as estimated within the harmoni approximation might largely dier from the
true free energy due to the negleted anharmoni ontributions.
3. There might be a systemati error of our approah in desribing the quantity ∆∆U elα→FES
due to the deienies of the DFT-PBE funtional in partiular in desribing van-der-Waals
attrations (Se. 2.4).
While it is urrently not possible to diretly hek the possibilities one and three, we disuss the
seond possibility in the next setion.
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4.6 Anharmoni orretions
The dierenes in the free energies, on whih our study is based on so far, are signiant, but
also small  without exeption, smaller than 1.0 kal/mol. While the numerial preision of our
alulations is (after the implementations we have presented in Se. 3.4) suient to resolve these
deliate free energy dierenes and the high auray of the DFT-GGA approah has been veried
in Se. 4.1, a very important issue is still not laried yet: The soft, low frequeny modes of the
peptide hain are expeted to exhibit anharmoni ontributions whih might lead to signiant
deviations from the free energy alulated within the harmoni approximation.
The results for the thermodynami stability as derived within the harmoni approximation thus
have to be veried/orreted by estimating anharmoni orretions. In this setion we rst inves-
tigate the thermal expansion of the helies by employing the quasi-harmoni approximation (Eq.
(2.118)) and solving the Grüneisen-Mie equation of state (Eq. (2.122), Se. 3.4.5). Then we deter-
mine the range of validity for the quasi-harmoni approximation and the thermodynami integration
method. Based on these onsiderations the anharmoni free energy orretions are alulated using
the thermodynami integration approah.
4.6.1 Thermal expansion
To investigate the thermal dependene of the helial parameters we have determined the Grüneisen
oeients (Se. 3.4.5) and solved the Grüneisen-Mie equation of state (Eq. (2.122)) for the three
helial onformations of the poly-L-alanine hain and for the poly-glyine 310-helix. For the poly-
L-alanine hain the temperature dependene of the pith L results in an inrease of about 3 % at
room temperature for all three helial onformations (Fig. 4.17a). The thermal inrease of the pith
of the poly-glyine 310-helix is smaller than that of the L-alanine helies and is about 0.3 % at room
temperature. For the 310-helies a small thermal redution (< 0.05 %) of the pith L is observed
for low temperatures, i.e., T < 50 K, for both poly-glyine and poly-L-alanine. Suh an eet is not
observed for the poly-L-alanine α- and π-helix. For the temperature dependene of the twist the
dierenes between the helies are larger than for the pith (Fig. 4.17b), as they may vary between
0.4 % and 1.8 % (at room temperature), depending on the helix type and amino aid.
The free energy gain at room temperature due to the thermal dependene of the helial parameters
is rather small  about 0.05 kal/mol for the poly-L-alanine helies and 0.01 kal/mol for the poly-
glyine the 310-helix (Fig. 4.17, dashed lines).
The twist dependene of the vibrational spetrum gives, however, rise to a further orretion to
the harmoni free energies: For the phonon alulations we annot hoose the twist angle to be
exatly at the equilibrium value, but we have to hoose it, for the sake of omputational eieny,
with a ertain oset (see appendix, Se. 6.6.1). This oset auses a deviation of the determined
vibrational free energies from the true values orresponding to the equilibrium twist. By means of
the Grüneisen parameters we may, nevertheless, orret these deviations. The orretions are very
small for the α-helix and the π-helix, sine for these systems the modeled twist is very lose to the
equilibrium twist. However, for the 310-helies the deviation is of the order of 0.15 kal/mol per
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Figure 4.17: Results for the quasi-harmoni approximation: a) Thermal variation of the pith L
in perent of the stati equilibrium pith for the poly-L-alanine π- (blue line), α-
(green line) and 310-helix (red line) and for the poly-glyine 310-helix (violet line). b)
Respetive plots for the thermal variation of the twist Θ. ) Free energy gain with
respet to harmoni free energies obtained at lattie parameters given in Tab. 6.2
(solid lines). Free energy gain solely due to thermal expansion (dashed lines). d) Free
energy surfae at 300 K of the poly-glyine FES (brown line) and poly-L-alanine FES
(blak line) for xed twist Θ = 180◦ and varying pith. e) Lowest frequeny branh of
the poly-glyine FES for varying pithes: at the stati equilibrium pith (left plot) for
a redution of the pith of 0.5 % (middle plot) and a redution of 1% (right plot).
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peptide unit at room temperature.
However, to summarize, the thermodynami trends between the helies as derived in the harmoni
approximations remain largely unaeted by the results of the quasi-harmoni approximation.
An attempt to determine the thermal expansion also for the fully extended struture failed due to
the appearane of an eet, whih is ommonly referred to as the guitar string eet [153℄. This eet
may be desribed as a strutural instability at nite temperatures whih leads to the appearane of
an imaginary branh in the frequeny spetrum. Moreover we observe a negative thermal expansion,
i.e., a redution of the pith with inreasing temperatures. The redution of the pith is aompanied
by a strong softening of the vibrational frequenies orresponding to deformations perpendiular to
the hain axis. This softening is explained by the fat that the ompressed peptide hain prefers to
loally break the high symmetry enfored by the helial parameters. For pith values ommensurable
with the symmetry break the orresponding phonon frequenies are lose to zero (for pith values
larger than the transition pith, Fig. 4.17e, left plot) or even imaginary (for pith values smaller
than the transition pith, Fig. 4.17e, right plot). The quasi-harmoni free energy surfae F (L,Θ)
has a singularity at that transition pith
12
and is ill-dened for pithes smaller than the transition
pith. The theoretial treatment of the FES, both for poly-L-alanine and poly-glyine, is partiularly
problemati due to the fat that the stati equilibrium is very lose to this strutural instability. At
300 K, the free energy surfae is atually onave (Fig. 4.17d). It is thus impossible to determine
the free energy of the FES within the quasi-harmoni approximation.
These ndings are artifats of the quasi-harmoni approximation and disappear (of ourse) in the
full anharmoni treatment. However, these ndings also make the free energy values as derived for
the FES within the harmoni approximation questionable. A major deieny of both, the quasi-
harmoni and the harmoni approximation, is that they are exlusively based on the determination
of loal urvatures of the PES. An option to get rid of the imaginary frequenies would be, to allow
the struture to break the symmetry and to re-determine the dynamial matrix for the struture
of lower symmetry. This approah is however only valid for small osillations and still neglets
the anharmoniity arising from the amplitude dependene of the vibrational modes (Se. 2.7).
Therefore, we have instead employed the thermodynami integration approah. This approah
allows to fully aount for the anharmoniity, and is free of these deienies.
4.6.2 Thermodynami phase stability in the lassial approximation
The thermodynami integration approah, as it is employed here, is based on the lassial Langevin
equations of motion (Se. 3.5.4). Therefore, quantum eets for the movement of the ion ores are
negleted, whih makes this approah invalid at low temperatures. We are, however, interested in
free energy orretions at room temperature, where quantum eets for the movement of the ion
ores are ertainly less important. To hek for the validity of the lassial equations of motion
at room temperature we have determined the harmoni thermodynami stability using the lassi-
al partition funtion. The omparison between the thermodynami stabilities derived from the
12
The quasi-harmoni free energy surfae has a singularity at the transition pith beause the harmoni vibrational
entropy is approahing innity for a real frequeny approahing zero.
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Figure 4.18: Comparison for the stability of the various onformations as derived from the quan-
tum mehani partition funtion (solid lines) and from the lassial partition funtion
(dashed lines) for a) poly-L-alanine and b) poly-glyine.
quantum mehani partition funtion and the lassial partition funtion reveals some dierenes
at room temperature (Fig. 4.18). The dierenes are larger for glyine, but still rather small. Hene
we expet that anharmoni orretions determined within the lassial approximation to be valid
at room temperature.
4.6.3 Expliit anharmoniity obtained with SCCDFTB
It is now interesting to hek, how the quasi-harmoni approximation ompares to the thermo-
dynami integration approah. To address this issue we have determined the quasi-harmoni free
energy surfae (in the lassial approximation) and the free energy surfae using the thermody-
nami integration for the glyine 310-helix (Fig. 4.19a). For these test alulations we have used
the SCCDFTB approah (Se. 6.2.2).
For the helix we obtain a lear piture: The free energy orretions to the harmoni approximation
(Fig. 4.19, solid blak lines) as determined in the framework of the quasi-harmoni approximation
(Fig. 4.19a, dashed red line) are essentially underestimated ompared to those predited with the
thermodynami integration approah (Fig. 4.19, solid red lines). This shows that the anharmoni
orretions to the free energy of the helies stem from the amplitude dependene of the frequenies,
i.e., the expliit anharmonity, rather than from the dependene on the lattie parameters, i.e., the
impliit anharmoniity.
A omparison of the urvatures of the stati potential energy surfae and the free energy surfae
determined with the thermodynami integration furthermore reveals an interesting side aspet of
the study. The latter has a signiantly smaller urvature than the stati potential energy surfae.
For the 310-helix the dierene amounts to 20 % at room temperature (Fig. 4.19a), and for the FES
the dierene is even larger, reahing 50 % (Fig. 4.19b). This shows that the elastial properties
of the peptide hain are strongly temperature dependent. The quasi-harmoni approximation does
not reprodue this temperature dependene.
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Figure 4.19: SCCDFTB-free-energy-surfaes (per peptide unit) along the helix pith L of a) the
poly-glyine 310-helix and b) the poly-glyine FES at various stages of approximation:
The harmoni free energy surfae (blak lines), the free energy surfae as alulated
using the quasi-harmoni approximation (dashed red line, only for the 310-helix) and
the free energy surfae determined with the thermodynami integration approah (solid
red lines). The free energy surfaes are referred to the harmoni free energy at the
equilibrium pith L0, i.e., ∆F
ah(L) = F ah(L)− F harm(L0).
Ala-FES Ala-310 Ala-α Gly-FES Gly-310
τ sim 10000 10000 4300 9100 9000
∆F ah -0.08 -0.36 -0.23 +0.02 -0.13
δ∆F ah 0.13 0.04 0.06 0.15 0.04
Table 4.8: Anharmoni orretions, ∆F ah, to the vibrational free energy as determined with DFT-
GGA at room temperature denoted in kal/mol per peptide unit. The anharmoni or-
retions are referred to the harmoni free energy determined with DFT-GGA at the
equilibrium pith L0 and twist Θ0, i.e., ∆F
ah = F ah − F harm(L0,Θ0). τ sim denotes the
number of simulation steps (∆t = 1.5 · 10−15 s) and the remaining statistial error bar is
indiated by δ∆F ah.
Despite the fat that we nd a systemati anharmoni orretion to the free energy with the
thermodynami integration approah, this orretion is surprisingly small even for the FES at room
temperature: The SCCDFTB free energy orretions for 310-helix is -0.1 kal/mol per peptide unit
(Fig. 4.19a), and for the FES it is -0.2 kal/mol (Fig. 4.19b). However, to be sure that these
ndings are not an artifat of the SCCDFTB approah they have to be veried by performing
orresponding DFT alulations.
4.6.4 Expliit anharmoniity obtained with DFT
Finally, the anharmoni free energies have been determined, by exlusively employing DFT-GGA,
for seleted onformations. These are the poly-L-alanine FES, 310- and α-helix and the poly-
glyine FES and 310-helix. Based on the onsiderations obtained within the SCCDFTB approah
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we have performed these alulations at the equilibrium pith for the helies, whereas for the FES
a redution in the pith has been aounted for
13
. The anharmoni orretions we nd are small
(Tab. 4.8). These results verify, one more, the numerial reliability of our harmoni free energy
study. Furthermore, these results verify the trends found already with the SCCDFTB approah
above: The anharmoni orretions are negligible for the thermodynami trends as derived with the
harmoni approximation. The latter nding is partiularly surprising, sine a ommon expetation
in the eld of biologial physis is that soft matter systems, like the peptide hain, exhibit a strong
anharmoniity at room temperature (e.g. [154, 155, 156℄).
13
To determine the free energy orretions for the helies, we may perform the LD simulations at the lattie parameters
orresponding to the minima of the PES, as an be inferred from Fig. 4.8. For the FES, in ontrast, the free energy
orretions have to be determined for a redued pith, performing the LD simulations for the stati equilibrium
pith would result in an underestimation of the free energy orretions.
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5 Summary
The present study delivers new insights into the temperature dependent stability of the helial
seondary struture motif. Therefore it is expeted that it will be relevant for protein siene. In
the following the main results are summarized.
The basi motivation for the projet (Se. 1.3) may be onentrated to the following questions:
1. Is the helial seondary struture motif intrinsially stable at room temperature?
2. Why are π-helies rarely observed in proteins (ompared to α- and 310-helies)?
3. What is the origin of the dierene in helial propensities between L-alanine and glyine?
Eah of these questions addresses a fundamental aspet of helix stability. However, none of them
ould  on the basis of experimental studies  be satisfatorily answered so far. The reason is
that a perfetly lean situation is required to study these intrinsi aspets of helix stability, i.e.,
the absene of environmental eets, suh as solvent, helix endings and protein environment. Suh
a situation annot be ahieved within an experimental setup. In ontrast, a omputer simulation is
able to fulll these onditions, sine it allows to study idealized, innite struture motifs in vauum.
However, as disussed in the introdution, previous theoretial works, whih were based on empirial
fore elds, turned out to be unsuitable due to their limited auray. The basi idea of this study
was thus to takle these questions by means of density funtional theory (DFT).
In ontrast to the fore eld approah previously used to study poly-peptides, DFT expliitly
takes into aount eah eletroni degree of freedom of the system and inludes eletroni many
body eets based on the prinipal laws of quantum mehanis. Nonetheless, DFT still ontains an
approximation in form of the exhange-orrelation funtional and its auray has to be arefully
validated for the given appliation. Indeed, reent omparative studies to more aurate post
Hartree-Fok methods had already veried the high reliability in desribing the stati/energeti
ontributions of the hydrogen bonds to the helix stability. However, the performane of DFT-GGA
to determine the vibrational/thermodynami properties of the helix was essentially unknown before
this projet. We therefore have, as a rst step, omputed the phonon dispersion and spei heat
of the poly-L-alanine α-helix and ompared it to experimental literature data. The agreement
with available experimental data is exellent and therefore veries the overall high reliability of the
DFT-PBE approah to predit the vibrational and thermodynami properties.
Furthermore, the omparison underlines the omplementary role DFT alulations an play to
experimental studies in this eld. Although spetrosopial methods, i.e., IR- and Raman spe-
trosopy, deliver preise information about the optial branhes of peptide hains they annot re-
solve the aoustial branhes. As a onsequene, also empirial fore elds, whih are tted to
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experimental frequeny spetra, largely fail to predit these branhes. As will be disussed below
the ruial interations for the aoustial branhes are the hydrogen bonds  it is thus tempting
to onlude that the main shortoming of the previous fore eld alulations is the inaurate
desription of hydrogen bonds. The information available from DFT about the aoustial branhes
is omplete and thus DFT an ll the knowledge gap left by experimental studies. The advantages
of DFT alulations beome even learer when onsidering the importane of the low frequeny
branhes for the thermodynami properties. It is not only that the DFT results predit a qualita-
tively dierent shape of the low temperature spei heat urve than fore elds  DFT provides
a ∼ T 3 dependene, whereas the fore elds predit a linear dependene. Moreover, the aoustial
branhes ontain, as also shown in this work, the elastial/mehanial deformations of the helix
and determine to a major part the vibrational entropy. Hene, an improvement is expeted for the
desription of the temperature dependene of the stability. These results have been published in
Ref. [157℄.
Having veried the high auray of our approah, we were able to takle the fundamental ques-
tions, whih have been mentioned above.
• 1. Is the helial seondary struture motif intrinsially stable at room temperature?
Our results on poly-L-alanine learly verify that vibrational ontributions to the free energy play a
key role for the stability of the helix in the biologially relevant temperature range. They strongly
redue the phase stabilities of the folded, helial onformations ompared to the fully extended
struture of the peptide hain. Thus they ounterat the enthalpi stability of the helies arising
from the formation of hydrogen bonds. We remark that this nding learly ontradits a widespread
assumption that the ontribution of vibrational entropy to the helix stability is small (e.g. Refs.
[158, 159℄).
Nonetheless, we also have shown that, despite the strong impat of the vibrational entropy on the
helix stability, the hydrogen bonds are still suiently strong to make the α-helix the most stable
bulk phase at room temperature. We thus onlude that a poly-L-alanine α-helix is intrinsially
stable at room temperature in the absene of environmental (solvent) eets. This fundamental
nding remains valid, also if we replae the FES by a more realisti referene for the unfolded state,
i.e., an ideal solution of the FES and the remaining bulk phases ontributing to the unfolded state
Furthermore, our results learly reveal a signiant temperature dependene of the relative sta-
bility between the three helix types. Hene, our results may be used to rationalize why the relative
population of π-, α- and 310-helies varies with temperature [10, 11℄. This also explains
• 2. Why π-helies are rarely observed in proteins (ompared to α- and 310-helies).
The π-helix exhibits the strongest temperature dependene amongst the three helix types. In
ontrast to the 310- and α-helix it is, with respet to the free energy, almost degenerated to the FES
at room temperature (and higher in free energy than the unfolded state). Previous explanations
mainly stressed ending eets to explain the rarity of the π-helix. Our results learly reveal that an
entropi penalty for the π-helix exists even in the absene of any ending eets.
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5 Summary
To understand the pronouned dierenes in the entropi harater among the helies and between
the helies and the FES we have analyzed the vibrational entropy in detail. By mapping our DFT
data on the ball-and-spring model, we ould show that the observed dierenes in the low frequeny
branhes in the α-helix and the π-helix and onsequently the thermodynami/entropi trends are
exlusively due to the formation of hydrogen bonds, whereas hanges in the bakbone stiness are
pratially negligible. Only for the 310-helix, the 27-struture, and the FES, the nearest neighbor
peptide-peptide interations, whih stabilize the bakbone and are inuened by the amino aid
sequene, ome into play. However, the main dierenes are still due to the hydrogen bonds. This
result and the separation of bakbone and hydrogen bonding interations are novel ontributions
of this work. It has indeed been realized before that the aoustial branhes of the helix are not
only determined by the bakbone of the helix but also depend sensitively on the hydrogen bonds
[55, 56, 146℄. Nevertheless, the employment of empirial fore elds in these studies made it not
possible to aurately quantify the inuene of hydrogen bonds, e.g., ompared to that of nearest
neighbor interations  this was only possible in our projet through the appliation of DFT.
Furthermore, by employing the thin rod approximation for the helies, whih orretly repro-
dues the low-energy long-wavelength modes dominating the thermodynami properties, it has
been demonstrated in this work that the strong temperature dependene of the π-helix is almost
exlusively driven by its geometri peuliarities as ompared to the α-helix and 310-helix. Sine the
geometri aspets of the three helix-types are roughly independent of the spei peptide sequene,
the dominane of the geometri parameters may be used to rationalize why the π-helial motif is in
general the least ommon of the helial onformations in proteins, independent of the amino aid
sequene and the environmental aspets. These results have been published in Ref. [160℄.
We remark that the last question:
• 3. What is the origin of the dierene in helial propensities between L-alanine and glyine?
ould not be resolved onlusively. The omparison between L-alanine and glyine has delivered
a partial explanation for the dierent helial propensities of the two amino aids: Vibrational free
energy ontributions lower the stability of the glyine helies relative to L-alanine  while the
stati ontributions make the poly-glyine α-helix more stable than the poly-L-alanine α-helix at 0
K, the vibrational free energy ontributions ause that at room temperature, vie versa, the poly-
L-alanine α-helix is more stable than the poly-glyine α-helix. However, sine the assoiated free
energy dierenes are too small as ompared to experimental values, additional reasons must exist
for the dierent helial propensities. Likely andidates have been disussed in Se. 4.5.
Regarding the methodology developed for ahieving the objetives of this work, it was neessary
to inrease the numerial auray for determining the harmoni vibrational frequenies as provided
by the standard methodology. At the outset of the projet in partiular the low frequeny vibrations
of the peptide hain had been found to be ompletely smeared by the numerial noise. Therefore, in
order to ahieve the high auray required for fores, vibrational frequenies and thermodynami
data, several extensions have been implemented in the S\PHI\nX ode. The resulting method for
alulating the dynamial matrix, the TSR sheme allowed us to redue the numerial error on the
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frequenies to less than 3 cm−1. We remark that this auray is fundamental for all the results
derived in this projet. Indeed, the basi ideas of the TSR sheme are not only appliable to the
peptide hain but also in general for phonon alulations, whenever numerial noise signiantly
disturbs the determination of the dynamial matrix.
Another fous was on the determination of anharmoni orretions to the free energy of the pep-
tide hain. It is believed that anharmoniity strongly inuenes the vibrations of moleular systems
at elevated temperatures. In partiular, the soft, low frequeny modes of the peptide hain are
expeted to exhibit strong anharmoni ontributions leading to signiant deviations from the free
energy as alulated within the quasi-harmoni approah. Determining anharmoni orretions for
a relatively large system like the peptide hain (from the viewpoint of an ab-initio alulations) is
hallenging. Nonetheless, we have determined these orretions within reasonable statistial error
bars by ombining the thermodynami integration approah with an eient integration sheme
for the ioni equations of motion (Langevin dynamis), an eient extrapolation sheme for the
eletroni degrees of freedom, and adequate equilibration and parallelization shemes for the statis-
tial average. In this regard it is important to mention that the determined anharmoni orretions
for the peptide hain are rather small. Finally, we remark that the methodology developed here is
ompletely general and an be employed to address in priniple any material/system. For example
it has been suessfully employed to determine the anharmoni ontributions to the spei heat of
aluminum [161℄ and the temperature dependene of the bulk modulus of water [162℄.
Outlook
Although the present study onstitutes a few steps on our path to a quantitative and systemati
understanding of the stability of the seondary struture, a lot of work remains to be done. There
are several fundamental issues to be laried, whih are hallenging on their own. We would like
here to mention only some of these:
The role of van-der-Waals interations for the stability of the seondary struture is basially un-
known. The deieny of urrent exhange-orrelation funtionals for desribing these interations
ould result in an error of up to 1 kal/mol per peptide unit for the stability. While the main results
of this projet, whih address the temperature dependent, vibrational ontributions to the stability,
will remain largely unaeted by the (hypothetial) inlusion of van-der-Waals interations, it is a
valuable task for the future, to repeat the alulations for the stati, energeti ontributions with a
theoretial approah, whih is even more aurate than (onventional) DFT and aurately inludes
van-der-Waals interations.
Another open issue is the quantitative and systemati understanding of the impat of solvent on
the helix stability. In partiular it is important to treat the solvated system using the high auray
of the ab-initio approah but in the same way allow to properly inlude the omplex interation
with the solvent.
The helix is the most abundant seondary struture motif in proteins  and also in available
ab-initio studies. A omplete piture of the seondary struture demands, however, to understand
also the remaining seondary struture motifs, most prominently the β-sheet. Ab-initio studies on
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5 Summary
this motif are therefore highly desired. In partiular the understanding of misfoldings in proteins
requires a detailed understanding of the stability between the sheet and the helix struture.
A further interest is on the kineti aspets of helix folding. To deal with this issue a viable
approah ould be to ombine the ab-initio results for the regular seondary struture motifs with
oarse grained statistial models, for instane the Lifson-Roig model [163℄. Suh approah would
allow to simulate the helix-oil transition, and also to inlude interfaes between dierent seondary
struture motifs, transitions between these motifs and nite size eets.
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6.1 Phonon dispersion relation and thermodynami data
In this setion we present additional material regarding the phonon dispersion relation and ther-
modynami data. It inludes a detailed numerial error analysis and onvergene heks. Further,
the omplete data for the alulated phonon dispersion relations are presented. Finally, a detailed
omparison of the phonon dispersion spetra of the poly-L-alanine α-helix and the poly-L-alanine
FES is presented.
6.1.1 Error bars and onvergene tests
The onsiderations of Se. 3.4 learly revealed that the vibrational spetrum is very sensitive to
any perturbations arising from numerial inauraies. For a reliable interpretation of the obtained
results it is important i) to redue the inuene of these perturbations as muh as possible and
ii) to estimate the remaining errors, in order to dierentiate true physial eets from possible
numerial artifats. While the rst issue has been treated in detail in Se. 3.4, here the latter
issue is disussed. A detailed analysis of the possible soures of numerial errors is presented and
error bars are estimated. Further, onvergene heks are presented for the important ontrol
parameters of the alulations. These are the uto energy Ecut, whih limits the basis set size,
the trunation parameter nmax, whih limits the long-range interation taken into aount in the
dynamial matrix, and the lateral superell size clat, whih ontrols the empty volume between the
artiial periodi images of the peptide hain. All test alulations are performed employing the
three-stage renement sheme as explained in Se. 3.4.
Convergene with respet to the basis set size (uto energy)
The eletroni basis set onvergene has been tested for two representative test systems: the poly-
glyine 310-helix and the poly-glyine FES. Fig. 6.1 shows that the absolute values for the frequenies
and thermodynami properties are onverged at ∼110 Ry up to a remaining error, whih is smaller
than 2 cm−1 for the frequenies and 0.01 kal/mol for the free energy at 300 K. The worst onver-
gene is found for the highest frequeny branhes, whih orrespond to the C−H and N−H bond
strething modes, indiating that the bottlenek for uto-onvergene is the non pseudized 1/r
potential orresponding to the hydrogen speies. We remark that the relative dierenes between
the FES and the 310-helix are already onverged at 70 Ry with a maximal error of ∼ 4 cm−1 and
0.01 kal/mol, respetively. For appliations, whih exlusively deal with the relative properties
(and most of the appliations of this projet are of this kind), it is therefore suient to use a uto
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Figure 6.1: a) Maximal error ∆ωmax versus E
cut
for the poly-glyine 310-helix (solid line) and the
FES (dashed line). The error is plotted separately for the low frequeny region (ω <
100 cm−1, blue line), the mid frequeny region (100 cm−1 < ω < 2500 cm−1, green line),
and the high frequeny region (ω > 2500 cm−1, red line). The vibrational spetrum
for Ecut = 150 Ry serves as referene, where ∆ωmax ≡ 0. b) Convergene for the free
energy of the poly-glyine 310-helix at T = 0 K (blue line) and T = 300 K (blak line).
Shown are the absolute errors in the free energy (solid lines) and the error in the free
energy dierene to the FES (dashed line). The free energy for Ecut = 150 Ry serves as
referene, where ∆F vib ≡ 0.
of 70 Ry. We have therefore used a uto energy of 110 Ry only for the omparison to experiment,
as presented in Se. 4.1, sine this is the only appliation, for whih onvergene in the absolute
frequenies is required. For all remaining alulations a uto of 70 Ry has been used.
Convergene with respet to the trunation of long-ranged Interations
To determine the phonon dispersion relation, it is neessary to introdue a trunation radius for the
long-ranged interations taken into aount for the dynamial matrix (Eq. (3.34)). Furthermore,
at the long-wavelength limits of the aoustial branhes the interpolation of Eq. (3.34) is replaed
by a ubi spline interpolation (Se. 3.4.4). To estimate the error in the thermodynami properties
arising from these two interpolations, onvergene heks have been performed on two representative
systems, the poly-glyine FES and the poly-glyine 310-helix. These onvergene tests impliitly
inlude the onvergene with respet to the sampling of the eletroni Brillouin zone, i.e., verify
whether the Γ-point is suient to sample the eletroni dispersion. As onvergene parameter
we hoose here the number of turns nturns rather than the parameter nmax in Eq. (3.34), sine
nturns is a more natural onvergene parameter, and allows for a diret transferability between
the various helial onformations. The alulations are rather involved and have therefore been
performed by employing the SCCDFTB approah (Se. 6.2.2). We, however, expet the ndings
of these onvergene alulations to be transferable to the DFT-PBE approah, sine the long-
range interations are of eletrostati nature and thus qualitatively reprodued by the SCCDFTB
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Figure 6.2: Error in the vibrational free energy ∆F vib per peptide unit versus number of turns,
nturns, inluded in the superell for a) the poly-glyine 310-helix and b) the FES. In
both ases, the error for T=300 K (blak lines) and T=0 K (blue lines) are shown. The
referenes values (where ∆F vib ≡ 0) have been hosen to be the free energies, where the
number of turns equals to 6 (for the 310-helix) or to 5 (for the FES). The alulations
have been performed by employing the SCCDFTB approah.
approah. Fig. 6.2 shows that the free energy per peptide unit at room temperature is, for three
turns, onverged up to an error of 0.03 kal/mol and 0.05 kal/mol for the helix and the FES,
respetively.
Convergene with respet to the lateral superell size and remaining error bars due to the
disretization of the XC ontributions
The superell approah implies that the peptide hain is not isolated, but is embedded in an artiial
2-dimensional rystal of idential peptide hains (Fig. 3.1). Hene, artiial interations between
the individual peptide hains of this rystal exist, whih might modify the alulated frequeny
spetra. In order to determine the minimum lateral lattie parameter clat at whih these artiial
interations are suiently small, we have performed onvergene heks for a representative test
system, the poly-L-alanine 310-helix. For this system we nd onvergene for clat=20 Bohr (Fig.
6.3). For clat > 20 Bohr the vibrational frequenies still show small utuation for varying clat,
however, these utuations are exlusively related to remaining errors assoiated with the FFT mesh
disretization. Therefore, a further inrease of clat would not lead to a systemati improvement of
the results. In this study, all helial systems have been treated with a lateral superell extension
of at least clat = 22 Bohr. For the extended strutures, i.e., 27-struture and the FES a separate
onvergene test was performed and onvergene was found for clat= 20 Bohr.
The remaining errors are due the XC wiggles and are estimated as follows: Five equivalent al-
ulations of the vibrational spetrum are performed, eah for a dierent relative rotational position
of the geometry with respet to the FFT mesh (Fig. 6.4). The error bars are then estimated as the
largest deviation whih in between either two of these ve vibrational spetra: or the frequeny an
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Figure 6.3: a) Maximum absolute errors ∆ωmax in the frequenies for inreasing lateral superell
sizes clat. ∆ωmax has been determined separately for the low-frequeny region (blue
line), the mid frequeny region (green line) and the high-frequeny region (red line). The
frequeny spetrum for clat = 24.0 Bohr serves as referene value (where ∆ωmax ≡ 0).
b) Respetive errors in the free energies, i.e. ∆F vib, for T=0 K (blue line) and T=300
K (blak line)
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Figure 6.4: Deviations ∆F vib in the vibrational free energy for 5 dierent (formally equivalent)
rotational orientations of the poly-peptide in the superell for a) the poly-glyine 310-
helix and b) the poly-L-alanine FES. Shown are, in both ases, the error for T=300 K
(blak lines) and T=0 K (blue lines). The referene values (where ∆F vib ≡ 0) have been
(arbitrarily) hosen from the rst rotational orientation.
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Figure 6.5: a) Maximum frequeny deviation |∆ω|maxwith respet to maximal fore omponent
(mf) alulated with SCCDFTB for the poly-glyine 310-helix. Separately plotted for
the low-frequeny region (blue dots), the mid frequeny region (green dots) and the
high-frequeny region (red dots) b) Deviation in the free energy at 300 K (blak dots)
and 0 K (blued dots)
error of about 2 cm−1 is found and for the free energy the error bar is 0.03 kal/mol.
Convergene with respet to the auray of the geometry optimization
A geometry optimization, whih is performed on a DFT potential energy surfae, in general does not
end up in a perfetly onverged struture, but rather in a struture, whih is slightly distorted from
the equilibrium struture. For the determination of the vibrational spetra this irumstane may
lead to deviations from the true values (whih orrespond to the perfetly onverged struture).
We have estimated this error by performing a test alulation on the poly-glyine 310-helix. As this
test is omputationally rather demanding, it has been performed again by using the SCCDFTB
approah (Se. 6.2.2) instead of the DFT-PBE approah.
The test is performed in the following way: First of all an artiial struture is generated by
randomly displaing the atoms from their equilibrium positions. This artiial struture is then used
as an input struture to start the geometry optimization sheme. At eah step n of the geometry
optimization the orresponding intermediate struture X(n) and maximal fore omponent fmax(n)
ating on the strutures are determined. Eah struture X(n) serves then as an input struture
for an individual frequeny alulation and a subsequent alulation of the thermodynami data.
Based on these alulations the maximum error in the frequeny spetra is determined:
|∆ωmax(n)| = max
i
(|ωi(n)− ωi(nopt)|). (6.1)
Here i goes over the vibrational spetrum and nopt indiates the nal step of the geometry opti-
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a)
low freq. region mid freq. region high freq. region
geom. optim. 1 1 3
XC wiggles 1 1 2
basis set (70 Ry) 1 5 30
basis set(110 Ry) 1 1 2
overall error (70 Ry) 3 7 35
overall error (110 Ry) 3 3 7
b)
F vib ∆F vibhelix−FES ∆F
vib
helix−helix
geom. optim. 0.01 (0.01) 0.02 (0.02) 0.02 (0.02)
XC wiggles 0.03 (0.01) 0.06 (0.02) 0.06 (0.02)
trunation at nmax 0.05 (0.00) 0.08 (0.00) 0.03 (0.00)
basis set (70 Ry) 0.12 (0.12) 0.01 (0.01) 0.01 (0.01)
basis set(110 Ry) 0.01 (0.01) 0.01 (0.01) 0.01 (0.01)
absolute error (70 Ry) 0.21 (0.15) 0.18 (0.05) 0.10 (0.05)
absolute error (110 Ry) 0.10 (0.03) 0.18 (0.05) 0.10 (0.05)
Table 6.1: a) Compendium of the error bars in cm−1 for the low-frequeny region with ω < 100
cm−1, the mid frequeny region with 100cm−1 < ω < 2500cm−1 and the high-frequeny
region with ω > 2500cm−1 b) Compendium about of the error bars in kal/mol for
thermodynami data at 300 K (and at 0 K in parentheses).
mization and orresponds to the most aurate struture. Further, the error in the free energies:
|∆F vib(n)| = |F vib(n)− F vib(nopt)|, (6.2)
is evaluated. To determine a orrelation between the onvergene parameter fmax and the errors
|∆ωmax| and |∆F vib|, the data points
(|fmax(n)|, |∆ωmax(n)|) and (|fmax(n)|, |∆F vib(n)|), (6.3)
respetively, are plotted on a 2-dimensional map (Fig. 6.5). We use this map to estimate the errors
of the DFT alulations: All strutures of the DFT alulations have been onverged up to an
auray orresponding to a maximal fore omponent fmax ≤ 0.25 mHartree/Bohr. Therefore, the
error in the frequenies arising from errors in the struture is smaller than 3 cm−1 and the error in
the vibrational free energy is smaller than 0.01 kal/mol per peptide unit (largely independent of
the temperature).
Overall error bars for frequeny and thermodynami data
The error bars due to the various soures of error desribed above are summarized in Tab. 6.1. To
estimate the overall (absolute) error bars for the frequeny data and the vibrational free energy,
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a)
L-alanine Θ L R Ψ δ D1 Dν−1 Dν ζ
FES 180.00 6.74 0.961 148.16 180 7.01 - - -
27 180.00 5.35 2.608 91.5 180 7.47 7.47 10.7 0.31
310 120.00 3.71 3.48 85.04 84.56 7.07 9.56 11.13 0.22
α 98.18 2.83 4.1 93.16 51.26 6.82 9.59 11.54 0.20
π 80.00 2.21 5.03 105.9 30.4 6.83 9.48 11.57 0.08
b)
glyine Θ L R Ψ δ D1 Dν−1 Dν
FES 180.00 6.81 0.80 153.6 180 7.00 - -
27 180.00 5.40 0.72 150.3 180 5.59 5.59 10.8
310 120.00 3.66 2.85 91.9 91.8 6.14 8.82 10.98
α 96.00 2.73 3.60 97.08 53.53 6.01 9.01 9.22
π 83.08 2.18 4.26 103.5 35.3 6.05 9.51 9.57
Table 6.2: Geometrial parameters for a) poly-L alanine and b) poly-glyine. Tabulated are the
helial parameters, i.e., twist Θ, pith L, and radius R, the bakbone valene angle Ψ
and dihedral angle δ, the nearest neighbor peptide-peptide distane D1, and the peptide-
peptide distanes haraterising the hydrogen bonds, i.e., Dν−1 and Dν . Further shown
is the Poisson ratio ζ (only for L-alanine)
the single ontributions are summed up. For the relative dierenes in free energy ∆F vibhelix→FES and
∆F vibhelix→helix we onsider that two dierent types of errors exist: i) errors whih are of stohasti
nature (geometry optimization, XC wiggles) and ii) errors whih are of systemati nature (basis
set, trunation at nmax). While the rst type of errors fully enters the relative quantities, for the
seond type of errors a partial error anellation is expeted. For example: The error bar aording
to the struture optimization is 0.01 kal/mol, when alulating the (absolute) free energy of a
given hain onformation. The error is of stohasti nature, therefore the error aording to the
struture optimization is 0.02 kal/mol, when determining free energy dierenes between two hain
onformations. Counter-example: The error due to the basis set trunation at Ecut is 0.12 kal/mol
at 70 Ry, when alulating the (absolute) free energy of a given hain onformation. This error is of
systemati nature, the aording error has been found to be only 0.01 kal/mol, when determining
free energy dierene in between two hain onformations.
6.1.2 Phonon dispersion urves
The omplete frequeny data for all analyzed onformations, i.e., fully extended struture, 27-
struture, 310-struture, α-helix, and π-helix are shown for poly-L-alanine in Fig. 6.7 and for
poly-glyine in Fig. 6.6. These results have been obtained using the methodology desribed in
Chapter 3 and a uto energy of 70 Ry.
A graphial illustration of the orresponding eigenmodes is given in Fig. 6.8
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Figure 6.6: Phonon dispersion relations of the analyzed onformations of the poly-L-alanine hain.
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Figure 6.7: Phonon dispersion relations of the analyzed onformations of the poly-glyine hain.
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Figure 6.8: Vibrational eigenmodes orresponding to the 28 optial branhes of the poly-L-alanine
α-helix. Shown is the lattie-periodi part of the vibrational Bloh-states at the Γ-point,
i.e., the quantity lci (ϕ = 0) in Eq. (2.94), expressed in Cartesian oordinates. The arrows
depit the veloities of the partiles at the zero-point. The numbers in the lower right
orners denote the vibrational frequenies at the Γ-point in cm−1 and the labels in the
upper right orners orrespond to those used in Fig. 4.1 and Tab. 4.2.
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Figure 6.9: a) Band enter shifts (Eq. (6.4)) in the α-helial onformation ompared to the FES
and b) the hanges in the band widths (Eq. (6.5)). The blak lines denotes the shifts
for the un-manipulated dynamial matrix, whereas the red line shows the shift, when
the long-ranged interations are removed from the dynamial matrix (Se. (4.3.2)).
The dark, semi-transparent bar denotes an (arbitrarily dened) region of insigniane,
where ∆ωbci ,∆∆ω
bw
i < 10cm
−1
.
6.1.3 Comparison between α-helix and FES
In order to identify the impat of the helix formation on the vibrational spetrum of the peptide
hain we have ompared the phonon dispersion relations for two onformations of the peptide hain.
For this omparison, we have foused on the α-helix and the FES, sine these two onformations
are representative for the folded, helial state and the unfolded state, respetively.
To be able to quantify the dierenes we introdue two measures, rstly the band-enter shift:
∆ωbci =
1
π
∫ pi
0
ωαi (ϕ)dϕ −
1
π
∫ pi
0
ωFESi (ϕ)dϕ, (6.4)
and, seondly, the hange in the band-width:
∆∆ωbwi =| max
ϕ=0..pi
ωαi (ϕ) − min
ϕ=0..pi
ωαi (ϕ) | − | max
ϕ=0..pi
ωFESi (ϕ) − min
ϕ=0..pi
ωFESi (ϕ) | . (6.5)
We here dene (arbitrarily) the dierenes aording to these two quantities as signiant, if they
are larger 10 cm−1. Then we obtain the following lassiation:
• Branhes whih show signiant band enter shifts: These are the branhes with the indies
1-4, 6, 7, 10, 11, 16-20, 24, 25, 30 (indies refer to the notation as used in Figs. 6.8 and
4.5 and in Tab.4.2). We may identify them as, on the one hand, the low frequeny branhes,
and as, on the other hand, the high frequeny strething/bending vibrations orresponding to
the atoms, whih are most diretly involved in the hydrogen bonds stabilizing the helix.
• Branhes whih show signiant hanges in the dispersion but no band enter shifts: These
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are the branhes with indies 5, 8, 9, 12, 14, and 15. We may identify them as the mid
frequeny branhes orresponding to a deformation of the bakbone and those orresponding
to a olletive motion of the side group with respet to the bakbone.
• Branhes whih do not show signiant hanges at all: These are the branhes with the indies
13, 21-23, and 26-29. We may identify them as the C-H strething respetively bending
vibrations in the methyl side group and in the Cβ-H bond.
We thus get a qualitative impression of the impat the helix formation has for the vibrational
spetrum of the peptide hain: While the internal vibrations of the side-group remain unaeted,
signiant hanges an be found for the vibrational branhes whih orrespond to a deformation of
the bakbone of the helix. For the latter type of modes, signiant band-enter shifts an be found
for the aoustial branhes and for the optial modes whih are diretly involved in the hydrogen
bond formation, whereas those vibrational modes whih do not involve a distortion of the hydrogen
bonds exhibit only hanges in their band-width.
6.2 Density funtional theory
This setion ontains additional material on density funtional theory. First details of the PBE
funtional, whih is the XC funtional employed in this projet, are given. Then the SCCDFTB
approah is presented. This approah denotes a simplied, approximated form of DFT, whih has
been used for many test alulations.
6.2.1 The PBE funtional
The XC-energy is written in this approximation as:
ExcPBE[n] =
∫
d3rfxcPBE(r, |∇n(r)|)n(r), (6.6)
where:
fxcPBE(r, |∇n(r)|) = fxPBE(r, |∇n(r)|) + f cPBE(r, |∇n(r)|). (6.7)
The exhange part in the PBE funtional is written as
fxPBE(r, |∇n(r)|) = ǫxunif(n(r))F x(s(r)), (6.8)
where ǫxunif(n) is the loal exhange energy of a uniform eletron gas with density n (see below, Eq.
(6.19)), and
F x(s) = 1 + κ− κ
(1 + µs2/κ)
, (6.9)
is the gradient orretion with
s =
|∇n|
2kFn
, (6.10)
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kF =
(
3π2n
)1/3
, (6.11)
µ ≃ 0.235 and κ ≃ 0.967. (6.12)
The orrelation part is given by
f cPBE(r, |∇n(r)|) = n(r)(ǫcunif(n(r)) + h(r)), (6.13)
where ǫcunif is the loal orrelation energy of a uniform eletron gas with density n (see below, Eqs.
(6.21) and (6.22)), and
h =
e2
a0
γφ3 ln[1 +
β
γ
t2[
1 +At2
1 +At2 +A2t4
]], (6.14)
h is the gradient orretion with
A =
β
γ
[exp{−ǫ
c
unifa0
γφ3e2
} − 1]−1, (6.15)
t =
|∇n|
2φksn
, (6.16)
ks =
√
4kF/πa0, (6.17)
β ≃ 0.066725, and γ ≃ 0.031091. (6.18)
Exhange energy of a uniform eletron gas
The exhange energy of an uniform eletron gas an be analytially derived via the Hartree-Fok
equations:
ǫxunif = −
3
16
(
3
π
)1/3
r−1s , (6.19)
where rs denotes the Wigner-Seitz-radius:
rs = (
3
4πn
)1/3. (6.20)
Correlation energy of a uniform eletron gas
In ontrast to the exhange part an analytial expression for the orrelation energy of a uniform
eletron gas does not exist. Instead, it is desribed by a parametrized expression, in whih the
parameters are optimized to t the numerially exat orrelation energy of the uniform eletron gas.
A widespread used parametrization, whih also enters into the partiular XC funtional employed
for this work, has been derived by Perdew&Zunger [69℄. In this parametrisation the orrelation
energy follows for high eletron densities, i.e. rs < 1, the expression:
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εcunif = A ln rs +B + Crs ln rs +Drs, (6.21)
and for rs ≥ 1 it follows:
εcunif =
γ
1 + β1
√
rs + β2rs
. (6.22)
The parameters in the above two equations, A,B,C,D, γ, β1 and β2, have been optimized to t
the exat numerial results for a huge bandwidth of eletron densities as have been alulated by
Ceperley and Alder [63℄ using the QMC approah.
6.2.2 The self-onsistent-harge density funtional tight-binding method
For the determination of thermodynami properties, harmoni free energies, and anharmoni or-
retions a variety of test alulations were required. Some of these tests are omputationally too
demanding to pratially perform them using the DFT-PBE approah. An alternative, less om-
putationally demanding approah was then required. We have hosen the self-onsistent-harge
density funtional tight-binding method (SCCDFTB) approah as proposed by Elstner et al. [164℄.
This approah is by denition not able to ahieve the auray of the DFT-PBE plane wave ap-
proah, sine it is based on a minimal basis set and further severe approximations (e.g. restrition
on two-enter integrals). Therefore the SCCDFTB approah has not been applied to diretly obtain
results for this projet. However, the SCCDFTB ontains, in a qualitative manner, the ingredients
to desribe hemial and hydrogen bonds. In partiular it aounts for long-ranged eletrostati
interations and partly inludes hydrogen bond ooperativity due to long-range polarization eets.
Most importantly it is about two orders of magnitude faster than the DFT-PBE approah. The
SCCDFTB approah has therefore extensively been used to replae the DFT-PBE approah for test
alulations and onvergene heks.
Aording to Ref. [164℄ the method is based on a seond order expansion of the LDA-Kohn-Sham
total energy with respet to harge density utuations, whih reveals the following expression for
the total energy:
Eel,TB2 =
occ∑
i
〈
Ψi | Hˆ0 | Ψi
〉
+
1
2
N∑
α,β
γαβ∆qα∆qβ + Erep. (6.23)
The rst term in Eq. (6.23) ontains the eletroni band-struture and the third term is a parametrized
repulsive potential, whih is determined by tting the SCCDFTB approah to reprodue ohesive
energies and elasti onstants of a set of suitable referene systems. These two terms (the rst
and the third) are the typial ingredients of a (non-self onsistent) tight binding approah. The
self-onsisteny of the here applied approah is ontained in the seond term of Eq. (6.23). In
this term ∆qα denotes harge utuations as indued at the atom α and γαβ is an approximated,
parametrized Hubbard-type funtion to model the eletrostati interation aording to the harge
utuations. The harges ∆qα are self-onsistently updated, while solving the Kohn-Sham equa-
tions, whih, aording to Ref. [164℄, onsiderably improves the transferability of the approah
ompared to the non-self onsistent tight binding approahes.
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nturns → 2 3 4 6
FES -0.24 -0.07 -0.11 0.13
310 -0.11 -0.13 -0.13 -
Table 6.3: Anharmoni orretions to the vibrational free energy as determined with the SCCDFTB
approah for dierent number of turns nturns in the superell.
6.3 Thermodynami integration
In this setion we present additional material on the thermodynami integration. It inludes a
method to determine the orrelation time of a MD simulation (Se. 6.3.2) and a method to parallelize
Langevin dynamis runs (Se. 6.3.3).
6.3.1 Calulational details
The alulations for the thermodynami integration denote the numerially most demanding part
of this projet. Therefore, to ensure the maximum omputational eieny, areful onvergene
tests have been performed regarding eah parameter.
Correspondingly to those onvergene heks presented for the harmoni free energies in Se.
6.1.1 we have also performed onvergene heks regarding the lateral superell size and the uto
energy for the anharmoni orretions. We remark that it turned out to be suient to use a uto
of 50 Ry. We used a lateral superell size of 16 Bohr for the 310-helix, of 17.5 Bohr for the α-helix
and of 20 Bohr for the FES. The onvergene with respet to the hain lengths to be inluded in
the superell has also been heked: For the helies we found it suient to inlude 2 full turns in
the superell and for the FES we found it suient to inlude 3 full turns in the superell (Tab.
6.3).
6.3.2 Method of minimum statistial ineieny
To determine the orrelation time and the variane of a given Langevin Dynamis simulation the
time series {Xn} obtained from the simulation was divided up into nb bloks of length τb, where
nb = τ sim/τb. The mean value is alulated for eah blok b:
〈
∂U
∂λ
〉
b =
1
τb
τb∑
τ=1
∂U
∂λ
(τ). (6.24)
The mean values for all the bloks are then used to estimate the variane:
s
({〈
∂U
∂λ
〉
b
})
=
1
nb
nb∑
b=1
(〈
∂U
∂λ
〉
b −
〈
∂U
∂λ
〉
sim
)
, (6.25)
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Figure 6.10: Evaluated anharmoni orretion ∆F ah for the poly-L-alanine FES versus total number
of simulation steps: For a serial run (blak lines) and for parallelized runs with eah
branh ontaining 500 simulation steps simulation time and a preeding equilibration
of 0 (red line), 100 (blue line), and 200 steps (green line), respetively. The dashed
blak line orresponds to the (onverged) value taken after 50000 simulation steps. The
dotted lines denote an error bar of 0.05 kal/mol.
where 〈∂U∂λ 〉sim denotes the average over the entire time series {Xn}. Aording to Ref. [124℄ the
statistial ineieny is given by:
κ = lim
τb→∞
τbs
({〈
∂U
∂λ
〉
b
})
s ({Xn}) (6.26)
and the orrelation time tcor is given by the smallest bloksize τb for whih the right hand quantity
in Eq. (6.26) approahes its onverged value κ, multiplied with the time step ∆t. Eq. (6.26) thus
may be used to determine the orrelation time. The variane to substitute in Eq. (3.79) is alulated
from Eq. (6.25) by setting the bloksize to τb = tcor/∆t.
6.3.3 Parallelization
The relatively long simulation times required to obtain statistial onvergene for the peptide hain
made it neessary to determine the quantity
〈
∂U
∂λ
〉
λ
not within one single serial run, but within a set
of parallelized runs. To verify that the data series that is made from the ombination of parallelized
runs represents the anonial ensemble in the same way, as a data series that is made from one serial
run it must be ensured that i) the individual runs of the parallelization are statistially independent
from eah other and ii) the individual runs are equilibrated for the given potential U(λ), suh that
the starting onditions do not bias the results.
To satisfy these two onditions the following initialization sheme is applied: A set of statistially
independent starting onditions, i.e., random walkers, is extrated from a suiently long Langevin
dynamis (LD) run on the harmoni potential of the system of interest. The random walkers are
then equilibrated for a ertain time and the LD trajetories of the random walkers subsequent to
the equilibration are merged to generate the data series for the statistial analysis. Fig. 6.10 shows
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that this sheme reprodues the results as obtained for a serial run (blak line), provided that a
equilibration period of at least 200 steps (green line) is used.
6.4 Analytial models
Here we present additional material to the analytial models disussed in Se. 4.4. First the ball-
and-spring model of Christiansen et al. [147℄ is disussed, whih denoted the starting point of
our work with model potentials. Then the thin rod approximation is introdued and analytial
formulas for the long-wavelength limits of the aoustial branhes of the helix are derived. Finally,
these analytial formulas are simplied by means of approximations in order to obtain the formulas
disussed in Se. 4.4.2.
6.4.1 Ball-and-spring model
Reently, Christiansen et al. have proposed a simple model, whih fouses on modeling the intera-
tions of the peptide units in the helix [147℄. In this approah the Hamiltonian of the peptide hain
is written as:
H =
∑
n
1
2
M(x˙2n + y˙
2
n + z˙
2
n) +
∑
j=1,2,ν
Uj(rjn)
 . (6.27)
Here, M is the mass of the peptide unit, the oordinates xn, yn and zn desribe the displaements of
the nth peptide unit from its equilibrium position, the dots denote the rst derivative with respet
to time and rjn =| Rj − Rn | is the spatial distane of the peptide units j and n, respetively.
The three funtions Uj(rjn) desribe the interations between the rst-nearest neighbor (j = 1),
seond-nearest neighbor (j = 2) and νth-nearest neighbor peptide units (ν is number of peptides
to form a hydrogen bond, see Fig. 1.2). Christiansen et al. [147℄ argue that, sine the regular
helix struture is given uniquely by three geometri parameters, one needs to onsider three types
of interations, whih stabilize this struture. They identify the rst-nearest neighbor interations
in Eq. (6.27) with valene bonds and seond-nearest neighbor interation they onsider to take
eetively into aount the three-body interation xing the valene angle. The νth-nearest neigh-
boring interations are referred to as hydrogen bonds. Christiansen et al. have treated both the
harmoni approximation and (anharmoni) Morse potentials to model the terms Uj(rjn), the latter
ones to study the propagation of solitons in the helix. Sine we aim to understand the thermody-
nami trends as derived from the harmoni phonon dispersion relation, we fous on the harmoni
approximation
1
, i.e., we write:
Uj(rjn) =
1
2
Kj(rjn − aj)2, (6.28)
where aj denote the peptide-peptide equilibrium distanes. We have estimated the quality of the
potential proposed by Christiansen et al. in tting the vibrational branhes of π-, α- and 310-helix.
1
However, the new insights we have derived for the harmoni approximation are transferable to the anharmoni
potentials, i.e., may be diretly used to study soliton propagation.
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For this purpose we have optimized the spring onstants Kj separately for eah of the three helial
onformations by minimizing the following error measure:
Eerr(T ) =
3∑
i=1
∫ pi
0
dϕ
(
F vib(ωDFTi (ϕ), T ) − F vib(ωmodeli (ϕ), T )
)2
. (6.29)
Here ωDFTi (ϕ) and ω
model
i (ϕ) are the vibrational branhes from the DFT alulations and the model
alulations, respetively, and F vib(ωDFTi (ϕ), T ) and F
vib(ωmodeli (ϕ), T ) denote the orresponding
harmoni osillator free energies. For T = 0 K the error measure of Eq. (6.29) is equivalent
to a least square tting regarding the individual vibrational frequenies. We have used the error
measure Eerr(T = 300K), whih emphasizes the importane of the lower frequenies. However, the
dierenes of the obtained spring onstants for Eerr(T = 0K), i.e., the onventional least square
tting, and Eerr(T = 300K) are rather small.
Fig. 4.8 shows that the model gives a good t for the 310-helix. However, for the α-helix and
in partiular for the π-helix the model of Christiansen et al. gives a poor desription: The rst
vibrational branh of the π-helix predited by the model spuriously ontains an additional nodal
point, the slopes/urvatures at the long wavelength limits are strongly underestimated and the third
vibrational branh is strongly blue shifted. A loser analysis of the free energies further revealed
that the thermodynami dierenes between the helies ould not be reprodued by the model,
sine it strongly underestimates the vibrational free energy of the π-helix.
To have a model that desribes well the vibrational spetra of all ve investigated strutures of
the peptide hain, we have modied the model proposed by Christiansen et al. by improving both,
the desription of the bakbone interations and the desription of the hydrogen bonding.
The model we developed to fulll this task is disussed in Se. 4.4.1.
6.4.2 Wave equations arising from the thin rod approximation
By onsidering the thin rod approximation (Se. 4.4.2), the mehanial waves of the helix may be
desribed by three separated homogeneous wave-equations. As a result one obtains three dierent
kinds of mehanial waves in thin rods: longitudinal waves, torsional waves and bending waves.
We rst onsider the longitudinal and the torsional waves. For simpliation we identify the rod
axis with the z-axis. The wave-equations for the longitudinal deformations uL(z) and torsional
deformations uϕ(z) may then be written as:
∂2uL
∂z2
− ρ
Y
u¨L = 0 and
∂2uϕ
∂z2
− ρ
T
u¨ϕ = 0 (6.30)
respetively. Here, Y and T are the Young's and the torsional modulus, respetively, and are dened
as:
Y =
σzz
ǫzz
and T =
σΘΘ
ǫΘΘ
. (6.31)
In Eq. (6.31) σzz and σΘΘ denote the longitudinal and the torsional stress, respetively, and ǫzz
and ǫΘΘ denote the longitudinal and the torsional strain. These four quantities will be evaluated
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below. A solution to Eq. (6.30) is given by plane waves:
uL(z, t) = u0L exp(i(kz − ωLt)) and uϕ(z, t) = u0ϕ exp(i(kz − ωϕt)). (6.32)
Here k = 2piλ is the reiproal wavelength and ω is the frequeny of the wave. Inserting Eq. (6.32)
into Eq.(6.30) gives the linear dispersion relations:
ωL(k) = vLk and ωT (k) = vTk. (6.33)
Here vL and vT are the longitudinal and the torsional veloities of sound and are given by
vL =
√
Y
ρ
and vT =
√
T
ρ
. (6.34)
For the bending waves we obtain, in the thin rod approximation, two (instead of one) wave equations:
∂4x
∂z4
− ρS
Y Ix
x¨ = 0 and
∂4y
∂z4
− ρS
Y Iy
y¨ = 0. (6.35)
These two wave equations arise from the assumption that the bending of the rod is small ompared
to its length. Thus the bending an, in any point of the rod be expanded by a (mirosopi)
strething [150℄. The quantities Ix and Iy are dened through the ross-setional area S of the rod
by:
Iy =
∫
S
x2df and Ix =
∫
S
y2df. (6.36)
Solving the wave equations for the bending waves, results in two quadrati dispersion relations:
ω =
1
2
aB,xk
2 and ω =
1
2
aB,yk
2, (6.37)
here aB,x and aB,y are onneted to the bending veloities of sound by:
vB,x = kaB,x and vB,y = kaB,y (6.38)
with amplitudes along Ix and Iy, respetively, and are given by:
aB,x =
√
Y Ix
ρS
and aB,y =
√
Y Iy
ρS
. (6.39)
We apply an additional approximation to address the quantities Ix and Iy
Ix ≈ Iy ≈ I ≡
∫
S
r2df, (6.40)
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and, onsidering the hollow-ylinder shape of the mass distribution in the helies, we obtain one
single dispersion law for the bending waves:
ω =
1
2
aBk
2, where aB = R
√
Y
ρ
= RvL. (6.41)
We remark that the density ρ, the ross-setional area S, the Young's and the torsional modulus
are not well dened quantities for the peptide hain. However, for alulating the sound veloities
they anel out, as we will see below.
6.4.3 Analytial expressions for the elastial moduli
To alulate the Young's modulus we ut a long piee of length ξ0 out of the peptide hain and
assume that a fore ∆F is ating uniformly on the ross-setional area A at the ends of that piee.
Then we may write for the tensile stress and strain:
σzz := lim
A→0
∆F ||(A)
A
=
∆F ||
A
and ǫzz =
∆ξ
ξ0
. (6.42)
and, orrespondingly, for the torsional stress and strain:
σΘΘ := lim
A→0
∆F⊥(A)
A
=
∆F⊥
A
and ǫΘΘ =
∆x⊥
ξ0
=
∆ΘR
ξ0
, (6.43)
where ∆ξ is the hange in the length of the helix as a result on a fore, ∆F ||, whih is ating
on the area A and pointing along the helix-axis. ∆Θ is the hange in the angle as result on a
rotational fore, ∆F⊥, ating on the area A and pointing perpendiular to the helix axis. Using
these expressions we may rewrite the Young's and the torsional modulus:
Y =
(
∆Fξ
A∆ξ
)
ξ=ξ0
=
ξ0
A
(
dF
dξ
)
ξ=ξ0
=
ξ0
A
(
d2U
dξ2
)
ξ=ξ0
, (6.44)
and
T =
(
∆Fξ
AR∆Θ
)
Θ=0
=
ξ0
AR2
(
d2U
dΘ2
)
Θ=Θ0
. (6.45)
Here, U denotes the potential energy of the peptide hain. To alulate the quantities
(
d2U
dξ2
)
and(
d2U
dΘ2
)
we neglet, by following the thin rod approximation the oupling of the helial parameters
L, R and Θ. Hene, we may write:
(
d2U
dξ2
)
ξ=ξ0
=
((
∂L
∂ξ
)2(∂2U
∂L2
))
ξ=ξ0
=
1
N2
(
∂2U
∂L2
)
=
1
N
(
∂2Upp
∂L2
)
, (6.46)
152
6.4 Analytial models
and (
d2U
dΘ2
)
Θ=0
=
1
N
(
∂2Upp
∂Θ2
)
(6.47)
respetively, where U denotes the potential energy of the whole hain segment, N denotes the
number of peptide units, and Upp denotes the potential energy per peptide unit.
We now substitute the ball-and-spring model (Eq. (4.18)) into this formula and obtain for the
Young's modulus and the torsional modulus:
Y =
L0
AN
(
∂2Upp
∂L2
)
=
L
A
(
∂2Ubb
∂L2
)
+
L
A
(
∂2Uhb
∂L2
)
= Y bb + Y hb, (6.48)
and
T =
L
AR2
(
∂2Ubb
∂Θ2
)
+
L
AR2
(
∂2Uhb
∂Θ2
)
= T bb + T hb, (6.49)
where Y bb and T bb denote the ontribution of the bakbone to the Young's and torsional modu-
lus, respetively, and Y hb and T hb denote the ontributions of the hydrogen bonds. The expliit
analytial expressions for the Young's moduli are:
Y hb =
L
A
ν,ν−1∑
i
[
Kri
(
i2
L
Di
)2]
, (6.50)
and
Y bb =
L
A
(
Kr1
(
∂∆r01
∂L
)2
+KΨ
(
∂Ψ
∂L
)2
+Kδ
(
∂Ψ
∂δ
)2)
=
L
A
(
Kr1
(
L
D1
)2
+KΨ
(
2√
1−A2
(
R
D1
sinΘ−R(1− cosΘ) L
D31
))2
+ Kδ
(
2L
(
cos(Θ) + h2 cos(Θ) + sin2(Θ)
)
R2
√
1−A2 (h2 + sin2Θ)2
)2
. (6.51)
For the hydrogen bonding part of the torsional modulus we nd:
T hb =
L
A
ν,ν−1∑
i
Kri
(
Ri
Di
sin(iΘ)
)2
(6.52)
and for the bakbone part we nd:
T bb =
L
AR2
(
Kr1
(
∂∆r01
∂Θ
)2
+KΨ
(
∂Ψ
∂Θ
)2
+Kδ
(
∂δ
∂Θ
)2)
=
L
A
(
Kr1
(
R
D1
sin(Θ)
)2
+
1
R2
KΨ
(
2√
1−A2 (
R
D1
sinΘ(1− R
2
D21
) +
R3
D31
cosΘ sinΘ)
)2
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a)
Θ L R Ψ δ D1 Dν−1 Dν
FES 180.00 6.74 0.961 148.16 180 7.01 - -
27 180.00 5.35 2.608 91.5 180 7.47 7.47 10.7
310 120.00 3.71 3.48 85.04 84.56 7.07 9.56 11.13
α 98.18 2.83 4.1 93.16 51.26 6.82 9.59 11.54
π 80.00 2.21 5.03 105.9 30.4 6.83 9.48 11.57
b) (
νL
Dν
)2 ( (ν−1)L
Dν−1
)2
2ν−1
ν2
(Dν−1)
2 (Dν)
2 (D1)
2 sin2((ν − 1)Θ)
+sin2(νΘ)
id 1 2 3 4 5 6 7
27 1.00 0.52 0.75 55.8 114.5 55.8 1
310 1.00 0.61 0.56 91.4 123.9 50.0 0.75
α 0.96 0.79 0.44 92.0 133.2 46.5 1.26
π 0.92 0.86 0.36 89.9 133.9 46.6 0.82
avg 0.96 0.75 0.45 91.1 130.0 47.7 0.94
Table 6.4: a) Geometrial parameters for poly-L-alanine: twist Θ, pith L, radius R, valene an-
gle Ψ, dihedral angle δ and equilibrium distanes D1, Dν and Dν−1. b) Geometrial
approximations as employed in the Eqs. (6.57 to 6.59).
+
1
R2
Kδ
(
h2 sin(Θ)
(
h2 − 2 cosΘ + sin2Θ+ 2cos2Θ)√
1−A2 (h2 + sin2Θ)2
)2 . (6.53)
6.4.4 Geometrial approximations
The expressions for the speeds of sound have been obtained by substituting the analytial expressions
for the elastial moduli Eqs. (6.48-6.53) into the Eqs. (6.34) and (6.41), respetively. As disussed
in Se. 4.4.2, the longitudinal speed of sound is determined exlusively by the hydrogen bonds,
whereas the ontributions of the bakbone may be negleted:
vL =
√
Y hb + Y bb
ρ
≈
√
Y hb
ρ
. (6.54)
Here Y hb is given in Eq. (6.50), and ρ is the density (whih is not well dened for the helix, but
anels out for the alulation of the speed of sound). The torsional speed of sound is determined
by both, hydrogen bonding and bakbone ontributions:
vT =
√
T bb + T hb
ρ
=
√(
vbbT
)2
+
(
vhbT
)2
, (6.55)
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where
vbbT =
√
T bb
ρ
and vhbT =
√
T hb
ρ
. (6.56)
Here T bb and T hb are given by the Eqs. (6.53) and (6.52), respetively.
The expressions for the sound veloities have been further simplied onsidering some geometri
approximations. For applying these approximations we utilized the important fat that the hydrogen
bonding geometries, i.e., distanes to the νth and νth-1 nearest neighbor are largely the same in
the three helial onformations (Tab. 6.4a). Thus we replaed the parameters desribing the
individual hydrogen bonding geometries of the helies by quantities averaged over the three helial
onformations (Tab. 6.4b). We rst simplied the expression for the longitudinal speed of sound
(Eq. (4.26)).
vL = L
√√√√ν,ν−1∑
i
M−1Kri
(
(iL)2
Di
)
≈[1,2] L
√
M(0.75(ν − 1)2Krν−1 + 0.96ν2M−1Krν )
= Lν
√
M−1
((
0.75Krν−1 + 0.98Krν
)− (2ν − 1
ν2
)
0.75Krν−1
)
≈
[3] Lν
√
K l,hb/M (6.57)
where K l,hb = 0.34Krν−1 +0.98Krν . The super-sripted labels in Eq. (6.57) denote the approxima-
tions applied in the respetive step and are explained in (Tab. 6.4b).
We then simplied the expressions for the torsional speed of sound. For the hydrogen bonding
ontributions we obtain:
vhbT = L
√√√√ν,ν−1∑
i
M−1Kri
(
Ri
Di
sin(iΘ)
)2
= LRν
√√√√√M−1
Krν−1
(
1− 1ν
Dν−1
sin((ν − 1)Θ)
)2
+Krν
(
1
Dν
sin(νΘ)
)2
≈[3,4,5] LRν
√
M−10.006Krν−1 sin
2((ν − 1)Θ) + 0.0077Krν sin(νΘ)2
≈ LRν
√
M−1
1
2
(0.006Krν−1 + 0.0077Krν )( sin
2((ν − 1)Θ) + sin2(νΘ)
≈[6] LRν
√
M−1
1
2
(0.006Krν−1 + 0.0077Krν )0.96
= LRν
√
Kt,hb/M (6.58)
where Kt,hb = 0.0029Krν−1 + 0.0037Krν .
For the bakbone ontributions we found that we may neglet the ontributions of the valene
angle stiness and those of the dihedral angle stiness and hene may write:
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vbbT ≈ L
√√√√(M−1Kr1 ( RD1 sin(Θ)
)2
≈ LR
√
Kt,bb/M, (6.59)
where Kt,bb = 0.021Kr1 .
6.5 Morse osillator model
Here we estimate the anharmoni orretions for the lowest lying C-H strething branh of the
poly-L-alanine α-helix (with id=26, Figs. 4.1 and 6.8, Tab. 4.2). The eigenmodes orresponding
to this branh are omparatively well loalized exlusively in the orresponding C-H bonds of the
peptide hain and are free of any vibrational dispersion. Thus we may desribe these vibrations with
a single degree of freedom, i.e., the bonding distane between the hydrogen atom and the arbon
atom. For this partiularly simple type of vibration we may employ a very simple and in the same
way realisti model potential, the so alled Morse potential:
V (r) = D0(1− exp(−α(r − r0)))2. (6.60)
Here D0 (dissoiation energy) is the depth of the potential, r0 is the equilibrium distane and α
determines the steepness of the potential. The latter is related to the urvature at the equilibrium
by:
k = 2D0α
2. (6.61)
The Morse potential an be solved approximately [165℄. The approximated eigenvalues are:
E(n) = −D + hω0(n+ 1
2
)− h
2ω20
4D
(n +
1
2
)2. (6.62)
Ref. [166℄ points out that the deviations to the exat solution are negligible.
The Morse potential has been found to give a perfet t for the C-H bond. We found as anhar-
moni orretion
2
:
∆ωah = ωharm − (E(1) − E(0)) (6.63)
= −115 cm−1.
6.6 Dynamial matrix
In this setion tehnial aspets of the phonon alulations are presented and the employed superells
and equilibrium strutures are tabulated. Furthermore, the employed sheme for the sum rules to
2
We fous on the dierene between the harmoni frequeny and the transition energy from the ground state to the
rst exited state of the Morse osillator, sine these are the predominant transitions at room temperature.
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L-alanine alat clat N
PPS NTPS Θ(used) Θ(ideal) L
FES 40.44 20 6 3 180.00 181.2 6.74
27 32.10 22 6 3 180.00 171.2 5.35
310 33.39 22 9 3 120.00 115.3 3.71
α 31.13 23 11 3 98.18 97.6 2.83
π 33.15 24 18 4 80.00 81.4 2.21
glyine alat clat N
PPS NTPS Θ(used) Θ(ideal) L
FES 40.86 20 6 3 180.00 180.0 6.81
27 32.40 22 6 3 180.00 164.9 5.38
310 32.94 23 9 3 120.00 116.2 3.66
α 40.95 23 15 4 96.0 94.8 2.73
π 28.34 24 13 3 83.1 83.9 2.18
Table 6.5: Relevant geometrial data for the modeling of the dierent onformations in the or-
thorhombi superell. Shown are the superell dimensions along the helix axis, alat, and
orthogonal to it, clat, the number of peptides and the number of turns in the super-
ell, NPPSand NTPS, respetively. These values have been used to perform all phonon
alulations for this work. Further, the used twist angles and pithes in omparison to
the ideal twist angles and pithes, whih orrespond to the interpolated minimum of the
(Θ, L)-PES (Fig. 1.5) are shown.
treat the long-wavelength limits of the aoustial branhes is explained.
6.6.1 Modeling the helies in orthorhombi superells
Here it will be desribed how the helial onformations of the peptide hain an be modeled in an
orthorhombi superell. Aording to Eq. (2.1) the struture of the peptide hain is dened by the
helix pith L and the helix twist Θ. The helix pith an be straightforwardly modeled to arbitrary
values within the superell by tuning the orresponding ell extension zlat, sine this parameter is
related to the helix pith by:
∆z =
zlat
NPPS
, (6.64)
where NPPS denotes the number of peptide units ontained in the superell. The helix twist is more
problemati in this sense: In ontrast to the helix pith it annot be sampled ontinuously when
employing the superell approah. The helix twist is related to the number of full turns NTPS of
the peptide hains ontained in the superell by the relation:
Θ
360o
=
NTPS
NPPS
. (6.65)
Sine NTPS and NPPS are integers, an arbitrarily preise sampling of the helix twist would require
to put an arbitrarily high number of peptides and turns into the superell, whih is impratiable for
reasons of the omputational eort. The twist angle is therefore sampled at values ommensurable
to the smaller possible values for NPPS and NTPS and small deviations to the real twist angles,
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as obtained from the interpolation of the PES (Fig. 1.5) have to be aepted. A table of the used
and the real pith and twist values is given in Tab. 6.5.
6.6.2 Notation for the dynamial matrix
To explain the alulation of the dynamial matrix in Se. 3.4.1 three dierent notations have been
used, whih will be briey explained here.
The notation:
Dc(n) (6.66)
denotes the dynamial matrix orresponding to the interation of a representative peptide unit with
its n'th nearest neighbor. Dc(n) is a (3NAPP × 3NAPP)-dimensional matrix.
The notation:
Dc(ϕ) (6.67)
denotes the symmetry redued dynamial matrix orresponding to the vibrational phase dierene
ϕ between adjaent peptide units. Dc(ϕ) is a (3NAPP× 3NAPP)-dimensional matrix and is related
to Dc(n) by Eq. (3.34).
The notation:
Dcell
denotes the dynamial matrix orresponding to the superell. Dcell is a (3NAPS×3NAPS)-dimensional
matrix, where NAPS is the number of atoms in the superell. It an be onstruted by a blok-wise
arrangement of the matries Dc(n), as desribed with Eq. (2.88).
The dynamial matries an be onverted to the Hessian matries:
Kc(ϕ) =
√
MiMjD
c(ϕ); Kc(n) =
√
MiMjD
c(n); Kcell =
√
MiMjD
cell. (6.68)
6.6.3 Sum rules
As mentioned in Se. 3.4.4 a problem appeared for the alulation of the aoustial branhes at the
long-wavelength limits ϕ → 0 and ϕ → ±Θ. These branhes were not found to be exatly zero at
the long-wavelength limits (as they should be, aording to Se. 2.6.4)
To solve this problem with the long-wavelength limit the sum rules aording to the three trans-
lational degrees of freedom and the rotational degree of freedom of the peptide hain (Eqs. (2.101)
and (2.104)) are applied to the dynamial matrix (notation is explained in Se. 6.6.2):
Dcell
′
= J†JDcell. (6.69)
Here J is a (3 ·NAPS× 3 ·NAPS− 4)-dimensional matrix, whih projets the dynamial matrix Dcell
on a set of internal oordinates. It is onstruted in the following way: at rst three (3 · NAPS)-
dimensional vetors orresponding to the translation of the helix are onstruted
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D1 = (1/
√
M1, 0, 0, 1/
√
M2, ..., 1/
√
MNAPS , 0, 0), (6.70)
D2 = (0, 1/
√
M1, 0, 0, 1/
√
M2, ..., 0, 1/
√
MNAPS, 0), (6.71)
D3 = (0, 0, 1/
√
M1, 0, 0, 1/
√
M2, ..., 0, 0, 1/
√
MNAPS) (6.72)
and one vetor orresponding to the rotation of the helix around its axis:
D4 = (y1/
√
M1,−x1/
√
M1, 0, ..., yNAPS/
√
MNAPS,−xNAPS/
√
MNAPS , 0). (6.73)
These four vetors orrespond to the external degrees of freedom, i.e., the translation of the geometry
along these vetors does not displae the internal struture of the peptide hain. The (3∗NAPS−4)
olumns of the J-matrix are now onstruted as an orthonormal basis of the subspae, whih remains,
when the subspae orresponding to the four external degrees of freedom is subtrated from the basis
orresponding to the (3 ∗ NAPS)-dimensional ongurational spae by means of a Grahm-Shmidt
orthonormalisation.
6.6.4 Transformation rules
Here the transformation formulas of the Hessian matrix between the Cartesian and the ylindrial
oordinate basis are derived. The following notation is used: The atomi positions in Cartesian
oordinates are written as
XI,a,
where I is the atomi index and a an be either x, y or z. The orresponding omponents of the
gradient g := ∂∂XE
el
are written as
gI,a =
∂Eel
∂XI,a
, (6.74)
and the Hessian matrix:
K = (
∂
∂X
)tg (6.75)
is written as
Kij,ab =
∂
∂xI,a
gJ,b =
∂2Eel
∂xI,a∂yJ,b
=
∂
∂yJ,b
gI,a = Kij,ba. (6.76)
The notation to expand the respetive quantities in ylindrial oordinates is in an analogous way.
To dierentiate the Cartesian from the ylindrial expansion, the quantities in ylindrial Coordi-
nates is marked with a supersripted c.
Transformation from Cartesian to ylindrial oordinates
Provided the Hessian is known in Cartesian oordinates, the Hessian entries KcIJ,ab orresponding
to the ylindrial oordinates φ and r may be alulated by:
159
6 Appendix
KcIJ,ab =
∂2Eel
∂XcI,a∂X
c
J,b
=
∂
∂XcI,a
(
∂
∂Xcj,b
Eel
)
=
∂
∂XcI,a
(
∂XJ,x
∂XcJ,b
∂Eel
∂XJ,x
+
∂XJ,y
∂XcJ,b
∂Eel
∂XJ,y
)
=
∂2XJ,x
∂XcI,a∂X
c
J,b
gJ,x +
∂2XJ,y
∂XcI,a∂X
c
j,b
gJ,y
+
∂Xj,x
∂Xcj.b
(
∂XI,x
∂Xcj,a
∂2Eel
∂XI,x∂Xj,x
+
∂XI,y
∂XcI,a
∂2Eel
∂XI,y∂XJ,x
)
+
∂XJ,y
∂XcJ,b
(
∂XI,x
∂XcI,a
∂2Eel
∂XI,x∂Yj,y
+
∂XI,y
∂XcI,a
∂2Eel
∂XI,y∂XJ,y
)
= δIJ
(
∂2XJ,x
∂XcI,a∂X
c
J,b
gJ,x +
∂2XJ,y
∂XcI,a∂X
c
j,b
gJ,y
)
+ TJ,xbTI,xaKIJ,xx + TJ,xbTI,yaKIJ,yx
+ TJ,ybTI,xaKIJ,xy + TJ,ybTI,yaKIJ,yy, (6.77)
where eah a and b an be either φ or r and:
TI,xa :=
∂XI,x(φJ , rJ )
∂XcI,a
, and TI,ya :=
∂XI,y(φJ , rJ)
∂XcI,a
(6.78)
and oordinate transformations are:
XI,x(φI , rI) = cos(X
c
I,φ)X
c
I,r and XI,y(φI , rI) = sin(X
c
I,φ)X
c
I,r. (6.79)
Hene for a vanishing gradient g = 0 the expliit transformation formulas are:
KcIJ,φφ = TJ,xφTI,xφKIJ,xx + TJ,xφTI,yφKIJ,yx + TJ,yφTI,xφKIJ,xy + TJ,yφTI,yφKIJ,yy
= rIrJ(sin(φJ) sin(φI)KIJ,xx − sin(φJ) cos(φI)KIJ,yx −
− cos(φJ ) sin(φI)KIJ,xy + cos(φI) cos(φJ)KIJ,yy) (6.80)
KcIJ,rr = TJ,xrTI,xrKIJ,xx + TJ,xrTI,yrKIJ,yx + TJ,yrTI,xrKIJ,xy + TJ,yrTI,yrKIJ,yy
= cos(φJ ) cos(φI)KIJ,xx + cos(φJ) sin(φI)KIJ,yx +
+ sin(φJ ) cos(φI)KIJ,xy + sin(φJ ) sin(φI)KIJ,yy (6.81)
KcIJ,φr = TJ,xrTI,xφKIJ,xx + TJ,xrTI,yφKIJ,yx + TJ,yrTI,xφKIJ,xy + TJ,yrTI,yφKIJ,yy
= −rI(cos(φJ ) sin(φI)KIJ,xx − cos(φJ) cos(φI)KIJ,yx +
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+ sin(φJ ) sin(φI)KIJ,xy − sin(φJ ) cos(φI)KIJ,yy) (6.82)
KcIJ,rφ = TJ,xφTI,xrKIJ,xx + TJ,xφTI,yrKIJ,yx + TJ,yφTI,xrKIJ,xy + TJ,yφTI,yrKIJ,yy
= −rJ(cos(φI) sin(φJ )KIJ,xx − cos(φI) cos(φJ)KIJ,yx +
+ sin(φI) sin(φI)KIJ,xy − sin(φI) cos(φJ)KIJ,yy). (6.83)
For the entries of the Hessian in ylindrial oordinates whih orrespond to terms related to the
z-oordinates the transformation rules are:
Kc,αzij = T
xα
i K
xz
ij + T
yα
i K
yz
ij and K
zα
ij = T
xα
j K
zx
ij + T
ya
j K
zy
ij (6.84)
respetively. The expliitly alulated transformation rules are then:
KcIJ,φz = TI,xφKIJ,xz + TI,yφKIJ,yz
= −rI(sin(φI)KIJ,xz − cos(φI)KIJ,yz), (6.85)
KcIJ,rz = TI,xrKIJ,xz + TI,yrKIJ,yz
= cos(φI)KIJ,xz + sin(φI)KIJ,yz, (6.86)
Kc,zφIJ = TJ,xφKIJ,zx + TJ,yφKIJ,zy
= −rJ(sin(φJ )KIJ,zx − cos(φJ)KIJ,zy) and (6.87)
KcIJ,zr = TJ,xrKIJ,zx + TJ,yrKIJ,zy
= cos(φJ )KIJ,zx + sin(φJ)KIJ,zy. (6.88)
Transformation from ylindrial to Cartesian oordinates
The rules for the transformation from ylindrial to Cartesian oordinates have been obtained in
an analogous way:
KIJ,xx = TJ,φxTI,φxK
c
J,φφ + TJ,φxTI,rxK
c
IJ,rφ +
+ TJ,rxTI,φxK
c
IJ,φr + TJ,rxTI,rxK
c
IJ,rr (6.89)
KIJ,yy = TJ,φyTI,φyK
c
IJ,φφ + TJ,φyTI,ryK
c
IJ,rφ +
+ TJ,ryTI,φyK
c
IJ,φr + TJ,ryTI,ryK
c
IJ,rr (6.90)
KIJ,xy = TJ,φyTI,φxK
c
IJ,φφ + TJ,φyTI,rxK
,c
IJ,rφ +
+ TJ,ryTI,φxK
c
IJ,φr + TJ,ryTI,rxK
c
IJ,rr (6.91)
KIJ,yx = TJ,φxTI,φyK
c
IJ,φφ + TJ,φxTI,ryK
c
IJ,rφ +
+ TJ,rxTI,φyK
c
IJ,φr + TJ,rxTI,ryK
c
IJ,rr, (6.92)
and:
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KIJ,xz = TI,φxK
c
IJ,φz + TI,rxK
c
IJ,rz (6.93)
KIJ,yz = TI,φyK
c,
IJ,φz + TI,ryK
c
IJ,rz (6.94)
KIJ,zx = TJ,φxK
c
IJ,zφ + TJ,rxK
c
IJ,zr (6.95)
KIJ,zr = TJ,φyK
c
IJ,zφ + TJ,ryK
c
IJ,zr, (6.96)
with:
TI,rx =
XI,x√
X2I,x +X
2
I,y
(6.97)
TI,ry =
XI,y√
X2I,x +X
2
I,y
(6.98)
TI,φx = −
XI,y
X2I,x
 1
1 +
X2I,y
X2I,x
 (6.99)
TI,φy =
1
XI,x
 1
1 +
X2I,y
X2I,x
 . (6.100)
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